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LAPLACE. 
By Sr Epmunp WHITTAKER. 


PIERRE-SIMON DE LAPLACE was born on 23rd March, 1749, at Beaumont-en- 
Auge, a village four miles west of Pont l’Evéque in Normandy. As its name 
would suggest, it stands on high ground : and from an old Benedictine Priory 
where Laplace went to school, only a stone’s throw from his birthplace, there 
is in fine weather a superb panorama, reaching to the English Channel seven 
miles away. 

The original documents relating to Laplace’s life have almost all perished 
in quite recent times: most of them as a result of a fire which in 1925 de- 
stroyed the chateau of Saint-Julien de Mailloc, near Lisieux, the home of his 
great-great-grandson the Comte de Colbert-Laplace: some had _ been 
destroyed earlier, when his house at Arcueil near Paris was looted by house- 
breakers in 1871: and some were lost very recently in the bombardment of 
Caen. This is the more regrettable, because many of the statements regard- 
ing Laplace in the histories of mathematics are false. His father, Pierre de 
Laplace, owned and farmed the small estate of Mérisier near Beaumont, and 
held the office of Syndic of the parish. When Laplace became a Marquis, it 
was the fashion to regard him as having risen from a very humble origin : 
but the fact was that he came of a country family of good social standing.* 
One of his father’s brothers was a priest and one a surgeon ; and his great- 
uncle, Maitre Olivier de Laplace, had held the title of Chirurgien Royal. 

He was educated, from the age of seven, at a College of fifty to sixty pupils 
attached to the Benedictine Priory near his home. His clerical uncle, Father 
Louis de Laplace, though not a Benedictine, seems to have been one of the 
teaching staff: he was a man of considerable learning, and it was he who 
first kindled the boy’s interest in mathematics. 


*The Abbé Simon, Président des Sociétés Historiques de Normandie, writes “‘ Les 
de Laplace étaient originaires de Bourgeauville, ou nous les trouvons fixés au début 
de X VIIe siécle. Ils y font figure de notables. Ils appartiennent a cette bonne 
paaercieie terrienne qui s’unissait si souvent par des mariages a la petite noblesse 
locale ”’, 
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2 THE MATHEMATICAL GAZETTE 

The pupils of the College were divided into three groups, who were —— is perl 
respectively for careers in the Army, the Law, and the Church, and who wore greate 
uniforms distinctive of their group. Laplace wore the black habit of the with u 
ecclesiastical students: and it was in this character that he proceeded at) the te 


the age of sixteen to the College of Arts of the University of Caen. Thay teenth 
University has had close connexions with our island: for it was originally§ contin 
founded in 1436 by Henry VI of England : and since its total ruin in the last) 5w!tz 


war, the city and University of Edinburgh have taken a special interest in| altoge 
its reconstruction. Here Laplace’s brilliance as a mathematician was quickly! strong 
recognised : and while still at Caen he wrote a memoir Sur le Calcul intégral) Maup 
aux différences infiniment petites et aux différences finies. This provided the, prefer 
first occasion of intercourse between Laplace and Lagrange: for Lagrange,) Londe 
who was the senior by thirteen years, had recently founded in his native city) Very ! 
of Turin a journal named Miscellanea T'aurinensia, in which many of his own) !¢ ® ¥ 
early works were printed : and it was in the fourth volume of this series that} reada 
Laplace’s paper appeared. ) and o 
About this time, recognising that he had no vocation for the priesthood) — — 
he determined to become a professional mathematician. In this connexion | _ 
reference may perhaps be made to the statement, which has appeared in some 
notices of him, that he broke altogether with the Church and became an 
atheist. For this there is no foundation. The facts are that although as a/ 
man of middle age he lived through the French Revolution, when religion} 
was violently attacked, there is not a word in any of his writings which could 
associate him with the anti-religious movement : and that after the Restora-} 
tion, the strictly orthodox government of the Bourbons, which had _ not 
hesitated to expel Monge from the Academy on account of his opinions, 
created Laplace a member of the upper legislative Chamber, and a marquis. ( 
He realised that in order to prosper in the career to which he was now look- 
ing forward, it was desirable to transfer his activities to Paris: and one of | 
his professors at Caen gave him a letter of introduction to D’Alembert, who} 
was at that time supreme in scientific circles: indeed, a recommendation| 
from D’Alembert addressed to Frederick the Great, had sufficed, not long 
before, to bring about the translation of Lagrange to Berlin. D’Alembert 
however, took no notice of the letter of introduction from Caen, w hereupon| 
Laplace approached him with a memoir on the general principles of mechanics, | 
of such power and originality that it had at once the desired effect. The) 
great man sent for him, and in a few days obtained for him a professorship | 
of mathematics in the Military School of Paris. LL 
Very soon after receiving this appointment, being now aged twenty-three, | 
he made a notable discovery in pure mathematics, namely the well-known} | 
* Laplace’s expansion ”’ of a determinant.* As he showed, any determinant rk 
is equal to the sum of all the minors that can be formed from any selected} Moti 
set of its rows, each minor being multiplied by its algebraic complement. } brou 
This may be said to be the most important result in the whole theory of! brou 
determinants, since so many theorems can be obtained by equating two dif.) actic 
ferent Laplace expansions of the same determinant to each other. 8eCO! 
However, he was not primarily a pure mathematician, and his attention | inve 
now turned to the subject in which his grandest triumphs were won, namely [ pher 
the theory of the movements of the heavenly bodies. In order to set his ) anisi 
discoveries in a proper perspective, it will be necessary to say something) by \ 
about the state of Celestial Mechanics at the time when his investigations | that 
were begun. ) bodi 




















Since the publication of Newton’s Principia, eighty years had elapsed. It yee 
ocu 
* Mém. de V Acad., 1772, p. 267 tion: 
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— is perhaps difficult for us to realise that the discoveries contained in that 
> wore, greatest of all scientific works were not received, on their first publication, 
of the with universal acceptance. Even in Newton’s own University of Cambridge, 
led at. the textbook of physics in general use during the first quarter of the eigh- 
» teenth century was still Cartesian : while all the great mathematicians of the 
yinallyp continent—Huygens in Holland, Leibnitz in Germany, John Bernoulli in 
he last) Switzerland, Cassini in France—rejected the Newtonian theory of gravitation 
rest in) altogether. The opposition of Descartes’ own countrymen was particularly 
uickly) strong : and no voice was heard to the contrary in France until 1732, when 
ntégral, Maupertuis, in a treatise on the figures of the celestial bodies, expressed a 
ed the preference for the Newtonian doctrines. ‘‘ A Frenchman who arrives in 
range, London ’’, wrote Voltaire in 1730, “ will find philosophy, like everything else, 
ve city. very much changed there: he had left the world a plenwm, and now he finds 
is own) it a vacuum.” Eight years later Voltaire published a short but extremely 
8 that) teadable account of Newtonianism, and from this time it was better known 
' and obtained a somewhat qualified general acceptance. 
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nown | 
1inant) The antagonism to Newton’s theory was prompted by several different 
lected) motives. In some cases it was mere conservatism: the objector had been 
ment.| brought up in the Cartesian system, and was unwilling to change. Others 
sry of. bréught forward arguments of a philosophical character, refusing to admit 
.o dif.) action at a distance: these were dealt with by Cotes in the Preface to the 

second edition of the Principia, where he pointed out that the law of the 
ntion) inverse square was simply a mathematical formula for predicting observable 
amely | phenomena, and that it was not concerned with the hidden physical mech- 
ot his) anism of gravitation. The most serious of the difficulties were those raised 
‘thing | by well-informed astronomers, who believed, apparently with good reason, 
ations | that Newtonianism failed to account for the observed motions of the heavenly 
| bodies. They admitted that it explained satisfactorily the first approxima- 
tion to the planetary orbits, namely that they are ellipses with the sun in one 
focus : but by the end of the seventeenth century much was known observa- 
tionally about the departures from elliptic motion, or inequalities as they were 
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called, which were due to mutual gravitational interaction: and some of 











t Mém. de l Acad., 1784, p. 1. 






































these seemed to resist every attempt to exhibit them as consequences of the the s 
Newtonian law. } (p/q?) 
The inequalities were of two kinds : first, there were disturbances which, Th¥S 
righted themselves after a time, so as to have no cumulative effect : these the P 
were called periodic inequalities. Much more serious were those derangements gethe 
which proceeded continually in the same sense, always increasing the depar. had f 
ture from the original type of motion: these were called secular inequalities, inqui 
The best known of them was what was called the great inequality of Jupiter) NOW 
and Saturn, which resisted all attempts at explanation until, nearly a century ™&8" 
after the publication of the Principia, the problem was solved finally by! wry 
Laplace. whicl 
A comparison of the ancient observations cited by Ptolemy in the Almagest,) ‘he ¢ 
with those of the earlier astronomers of Western Europe and their a inequ 
recent successors, showed that for centuries past the mean motion, or av erage} of lon 
angular velocity round the sun, of Jupiter, had been continually increasing, | of the 
while the mean motion of Saturn had been continually decreasing. This) #0" 
indicated some striking consequences in the remote future. Since by Kepler’s| perfe 
third law the square of the mean motion is proportional to the inverse cube! , Th 
of the mean distance, the decrease in the mean motion of Saturn implied that | °@t™ 
the radius of his orbit must be increasing, so that this planet, the most distant | °°. ‘ 
of those then known, would be always becoming more remote, and would § P0!* 
ultimately, with his attendant ring and satellites, be altogether lost to the whic! 
solar system. The orbit of Jupiter, on the other hand, must be constantly } ‘T° 
shrinking, so that he must at some time either collide with one of the interior) °®"™ 
planets, or must be precipitated on the incandescent surface of the sun. j the . 
No explanation of the secular inequality of Jupiter and Saturn could be | [mit 
obtained by any simple and straightforward application of the gravitational " solut 
law, and the Academy of Sciences offered a prize in 1748, and again in 1752, | SPO 
for a memoir relating to these two planets. On each occasion Euler made! )°S? 
considerable advances in the general treatment of planetary perturbations, ) ty 
and received the award, but the result of his investigations was to make the}  P® 
observed secular accelerations of Jupiter and Saturn more mysterious than | chan, 
ever, for they appeared to be quite inconsistent with the tolerably complete chan, 
theory which he created. Lagrange, who wrote on the problem in 1763, and the v 
gave a still more complete discussion, likewise failed to obtain a satisfactory | } is giv 
agreement with the observations. It 
In 1773 the matter was taken up by Laplace.* He began by carrying the | ‘sea 
approximation to a higher order than his predecessors, and was surprised to | whic! 
find that in the final expression for the effect of Jupiter’s disturbing action ; and ¢ 
upon the mean motion of Saturn, the terms cancelled each other out. The | therm 
same result, as he showed, held for the effect of any planet on the mean motion | ™ P' 
of any other: thus the mean motions of the planets cannot have any secular) PPOP' 
accelerations whatever as a result of their mutual attractions. Laplace accord- | *"°% 
ingly concluded that the accelerations observed in the case of Jupiter and) ™ 4! 
Saturn could not be genuinely secular: they must really be periodic, though To 
the period must be immensely long. wove) 
With this key to the mystery, he completely solved it, in a great memoir | Jupi 
of 1784.¢ He realised that an inequality of long period could be produced of th 
only by a term of long period in the perturbing function : denoting this term | ' times 
by psin gt, then in order that it may be of long period, g must be extremely | | lite, 
small. By a double integration with respect to the time, such as happens in ' | one 
* Mém. des Savans étrang., 7 (1776). Read, Feb. 10, 1773. on 
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the course of solving the differential equations, this term would become 
(pig?) sin gt, and (p/q*) might be quite large even though p were very small. 
Thus a very great inequality of long period might be produced by a term in 
the perturbing function which was so small that it had been neglected alto- 
gether by preceding investigators. This explained why Euler and Lagrange 
had failed to solve the problem : and nothing remained to be done except to 
inquire more closely into the identity of the term in the perturbing function. 
' Now five times the mean motion of Saturn is very nearly equal to twice the 
mean motion of Jupiter, so if n, n’ are the mean motions, then 5n — 2n’ is 
very small: and the term in sin {(5n — 2n’)t} in the perturbing function, 
which would actually have an extremely small coefficient, would satisfy all 
the conditions required. Thus Laplace was able to assert that the great 
inequality of Jupiter and Saturn is not a secular inequality, but is an inequality 
of long period, in fact 929 years : and it is due to the fact that the mean motions 
of the two planets are nearly commensurable. When the results of his calcula- 
tion were compared with the observations, the agreement was found to be 
perfect. 

The property to which Laplace drew attention in the case of Jupiter and 
Saturn, namely that terms in the perturbing function, which in themselves 


‘are extremely small, may give rise to large displacements in the actual 


positions of the heavenly bodies, is the underlying reason for great difficulties 
which exist in connexion with the convergence of the series of dynamical 
astronomy. More than a century later, Poincaré showed that these series 
cannot converge uniformly for all values of the time on the one hand, and on 


‘the other hand for all values of the constants comprised between certain 


limits. It appears in fact that convergent series are not possible unless the 


' solution is taken in different forms, according as a certain parameter (corre- 


sponding to the ratio of the mean motions in the case of Jupiter and Saturn) 
hes rational or irrational values. This fact is the ultimate cause of the diffi- 


| culty formulated by Poincaré, for as the parameter changes continuously, it 


is perpetually passing through rational and irrational values, and at each 
change from rational to irrational or vice versa, the form of the series is abruptly 
changed : so that no one series-solution of the problem can be valid over 
the whole range. But when the rationality or irrationality of the parameter 
is given, series can be constructed, and Poincaré’s difficulty is thus overcome. 

It is, in my opinion, to be regretted that at the present time, professional 
pure mathematicians have, as a rule, little or no knowledge of the sciences 
which make use of mathematics, and, in particular, of dynamical astronomy, 
and consequently devote their attention to artificial examples constructed by 
| themselves, instead of trying to solve the vastly more interesting problems 
in pure mathematics that are presented to us by nature. The remarkable 
properties of the expansions of Celestial Mechanics have never, so far as I 
know, been investigated by any of the pure mathematicians who specialise 
in questions regarding the convergence of series.* 

To return to Laplace, in the memoir of 1784 he published two other dis- 
coveries of great significance. One of them concerned the satellites of 
Jupiter. It had been noticed as a curious empirical fact that the mean motion 
of the first satellite, plus twice that of the third, was nearly equal to three 


; term | times that of the second : and also that the mean longitude of the first satel- 
lite, plus twice the mean longitude of the third, minus three times the mean 
longitude of the second, was always nearly equal to 180°. Becoming interested 


in these strange relations, Laplace instituted a searching examination into 


* References relating to the matter will be found in the last chapter of my book 
Analytical Dynamics. 
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the theory of the satellites, and established the remarkable theorem that if Lap!@c« 
the relations are satisfied in a rough approximation at any epoch, then the ithe orb 
mutual attraction of the satellites will subsequently render them rigorously 7°" eith 
true on the average, with the possibility of very small periodic librations /sY8t°™: 
about the mean. It is a consequence of these relations that the three inferior }the ™@ 
satellites of Jupiter can never be eclipsed together : in simultaneous eclipses §PTJ°ct 
of the second and third, the first is always in conjunction with Jupiter : it is |?!" 
always in opposition in simultaneous transits of the other two. ‘calcula 
The stability of the relations might be endangered by an extraneous cause! Aft 
such as the passage of a comet in the neighbourhood, if the comet had an inequa 
appreciable mass. It had been observed, however, that Lexell’s comet, when probler 
it passed through the middle of the system of Jupiter’s satellites in the year | the Sec 
1779, did not disturb the relations in any way : and the inference was drawn | #@¢!en! 
that the masses of comets are very small. . ) had co 
The third of the discoveries in Laplace’s great memoir of 1784 related to } contim 
the stability of the solar system. This subject had been much in the minds } #°?S- 
of his predecessors. The forces due to the mutual action of the planets and | decrea 
satellites were so numerous and so variable in position and intensity, that it |™US* k 
seemed impossible for any condition of permanence to be maintained except posed 
by a sort of miracle. Newton even went so far as to be persuaded that the | Wee 4 
solar system did not contain within itself the guarantees of stability, and } genera 
that the Divine hand must intervene from time to time, to repair the derange- found 
ments brought about by the gravitational interactions. Euler also, though pby th 
further advanced than Newton in a knowledge of the planetary perturba- i regard 
tions, refused to admit that the system was so constituted as to endure for | 2t be 
ever. : } the ea 
Laplace attacked the problem with boldness, perseverance, and success. j showe 
He showed that, no matter what might be the masses of the planets, if the diurne 
eccentricities and inclinations of the orbits were once inconsiderable, they | °°S° 
would always remain so, provided the planets were subject to this one condi- ) PYP& 
tion—that they all revolved round the sun in the same direction. This remarkable | 8SU© 5 
truth was embodied in two elegant theorems. The theorem relative to oscilla- follow 
tions in the form of the orbits may be stated thus: Jf the mass of each planet the ea 
be multiplied by the square of the eccentricity, and this product by the square root } timin 
of the mean distance, then the sum of these quantities for the different planets will | °V&> | 
always remain constant. The theorem relative to the positions of the orbits | which 
may be expressed as follows: If the mass of each planet be multiplied by the | earth. 
square of the tangent of the orbit’s inclination to a fixed plane, and this product » "ust 
by the square root of the mean distance, the sum of such quantities for the different | Conti 
planets will continue invariable. When to these laws we adjoin his discovery | The ; 
that the mean motions or mean distances of the planets are not subject to | earth 
any secular variations whatever, it is seen that so far as the influence of § °¢8Ses 
mutual gravitation is concerned, the permanence of the solar system is assured | cree 
through an indefinite lapse of ages. — 
Laplace supplemented this important theorem by showing that the system | Perot 
of the sun and planets possesses an invariable plane. As the orbits of the final | 
planets are continually changing, in consequence of gravitational attraction, | publi 
it is impossible to use any of their planes as a permanent plane of reference } | Ph 
for the establishment of a system of coordinates in Celestial Mechanics : and infere 
the same may be said of the plane of the equator, the position of which is | earth 
continually varying, owing to the action of the sun and moon upon the latitu 
spheroidal earth. It becomes, therefore, highly desirable to discover some 
plane, the position of which shall be independent of the mutual perturbations | 
of the planets, and which may, therefore, be used as a common ground for 
comparing distant observations. This important object was effected by 
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hat i flaplace, who showed * that there exists an invariable plane, about which 
m the |the orbits perpetually oscillate, deviating from it only to a very small extent 
rously /on either side. This plane passes through the centre of gravity of the solar 
ations system, and is so situated, that if all the planets be projected on it, and if 
ferior )the mass of each planet be multiplied by the rate of description of area by the 
‘lipses projected radius vector, the sum of such products will be a maximum. The 
it ig /position of the invariable plane with respect to the plane of the ecliptic was 
calculated : in the year 1750 their inclination to each other was 1° 35’ 31’. 

cause After the triumphant conclusion of Laplace’s researches on the great 
ad an | inequality of Jupiter and Saturn, there was still outstanding one unsolved 
when problem which formed a serious challenge to the Newtonian theory, namely 
» vear | the secular acceleration of the mean motion of the moon. From a study of 
lrawn | ancient eclipses recorded by Ptolemy and the Arabian astronomers, Halley 
| had concluded in 1693 that the mean motion of the moon has been becoming 

ed to | continually more rapid ever since the epoch of the earliest recorded observa- 
ninds | tions. The mean distance of our satellite must therefore have been continually 
s and | decreasing, and it seemed that at some time in the remote future the moon 
hat it | must be precipitated on the earth. The Academy of Sciences of Paris pro- 
xcept posed the subject for the prize in 1770 and again in 1772 and 1774, and prizes 
‘t the Were awarded to Euler and Lagrange, who made valuable contributions to 
, and | general dynamical astronomy: on the question proposed, however, they 
ange- found only the negative results that no secular inequality could be produced 
ough | by the action of Newtonian gravitation when the heavenly bodies were 
urba- | tegarded as spherical, and moreover that the observed phenomenon could 
‘not be accounted for by taking into account the departure of the figures of 
the earth and moon from sphericity. Laplace now took up the matter, and 
ocegs, | Showed, first, that the effect was not due to any retardation of the earth’s 
f the | diurnal rotation due to the resistance of the aether ; he then investigated the 
they | consequences of another supposition, namely that gravitational effects are 
ondi. } propagated with a velocity which is finite :- but this also led to no satisfactory 
kable + and at last he found the true solution,t which may be described as 
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follows. The mean motion or average angular velocity of the moon round 
the earth depends mainly on the moon’s gravity to the earth, but is slightly 
e root } diminished by the action of the sun upon the moon. This solar action, how- 
s will | ever, depends to a certain extent on the eccentricity of the terrestrial orbit, 
bits | Which is slowly diminishing, as a result of the action of the planets on the 
yy the -earth. Consequently the sun’s mean action on the moon’s angular velocity 
oduct . must also be diminishing, and hence the moon’s angular velocity must be 
ferent | continually increasing, which is precisely the phenomenon that is observed. 
»very | Lhe acceleration of the moon’s mean motion will continue as long as the 
ct to | earth’s orbit is approaching a circular form: but as soon as this process 
ce of | ceases, and the orbit again becomes more elliptic, the sun’s mean action will 
sured | increase and the acceleration of the moon’s motion will be converted into a 
continual retardation. The inequality is therefore not truly secular, but 
stem | periodic, though the period is immensely long, in fact millions of years. This 
f the final vindication of the Newtonian theory came exactly a century after the 
‘tion, | publication of the Principia. 
rence The researches of Laplace on the lunar theory led to some remarkable 
and | inferences which may be briefly mentioned. The spheroidal figure of the 
ch is | earth causes, as he showed, perturbations of the moon’s motion both in 
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. the | latitude and longitude. When the results of observations of the moon’s 
some | ., 
tions | =*d- de VEc. Polyt., 1798 : see also Méc. Cél., book ii, ch. 7. 






+It was presented to the Academy on March 19, 1787: Mém. de l’Acad., 1786, 
p. 235 (published 1788). 
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longitude were compared with the formula derived from theory, which of 
course involves the earth’s ellipticity, they yielded the value 1/305-03 for the 
ellipticity : and when the results of observations of the moon’s latitude wer 
compared with Laplace’s formula, the value 1/304-6 for the ellipticity was 
obtained. These values derived from lunar observations are very close t 
that found by actual measurements of arcs of meridian in different parts of 
the world. 

Another striking result which Laplace derived from his lunar researches 
was the value of the earth’s distance from the sun. The evaluation of this 
fundamental constant of the universe, by observations of the transits of Venus 
in 1761 and 1769, had been the object of scientific expeditions sent by the 
English Government to Hudson’s Bay, to the Cape of Good Hope, to Hawaii, 
and to St. Helena; and by the French Government to Pondicherry, to 
California, and to the island of San Domingo. The value finally obtained 
for the sun’s parallax, at the cost of enormous labour and expenditure, was 
8”-5776. Laplace now showed that there is an inequality in the moon’s longi- 
tude which involves the constant of solar parallax : and when lunar observa- 
tions were compared with the theoretical formula, a value of 8”-6 for the 
parallax was obtained. It may be noted that the value now accepted, namely 
that determined by the present Astronomer Royal in 1941, which is 8”-790, 
is actually closer to Laplace’s value than to that found from the eighteenth- 
century Transit of Venus observations. ‘“‘It is very remarkable ”’, said 
Laplace, *‘ that an astronomer, without leaving his observatory, by merely 
comparing his observations with analysis, has been enabled to determine with 
accuracy the magnitude and figure of the earth, and its distance from the 
sun and moon, elements the knowledge of which has been the fruit of long 
and troublesome voyages in both hemispheres.” 

The calculation of the earth’s ellipticity was only one of many investiga- 
tions in which Laplace connected the motions of the heavenly bodies with 
terrestrial phenomena. Another was the theory of the Tides, where he was 
the first to enunciate the principle on which all tidal prediction is actually 
based. Along the coast of the British Isles, the tides have a simple character : 
the interval from high water to high water is about 12h 25m ; and the ampli- 
tude of the rise and fall of the water is greatest on the days after new and full 
moon, and lowest on the days after the first and third quarter. It is easily 
seen that the height of the tide at any place may be represented by a trigono- 
metrical expression whose arguments are the hour-angles of the sun and moon, 
and twice these hour-angles. In foreign ports the tides are often much more 
complicated : but they may always be represented by sums of trigonometric 
terms whose arguments are linear functions of the hour-angles. This fact is 
explained by Laplace’s principle of forced oscillations, which asserts that if 
the perturbing force, or tide-generating potential, due to the gravitational 
action of the sun and moon, is expanded as a series of trigonometric terms, 
whose arguments are linear functions of the time, then to each term in this 
expansion will correspond a term in the expression which represents the height 
of the tide at any place: the two terms thus associated will have the same 
period, but their amplitudes and phases will be different, and these must be 
found by a comparison of the theory with observation. On this principle 
are based the tide-calculating machines which at the present day furnish 
tide-tables many years in advance for all the ports of the world. 

The Traité de Mécanique Céleste, in which Laplace collected his astronomical 
researches, began to appear in 1799: successive volumes were published at 
intervals of some years, and a posthumous supplement in 1827. It comprises 
altogether about 2000 quarto pages: the style is extremely condensed, all 
subsidiary calculations being omitted : it might have extended to something 
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LAPLACE 9 


like 10,000 pages if it had been written in the ampler fashion of a text- 
book. 

Laplace as a popular expositor, for instance in his work Exposition du 
Systeme du Monde (1796), is excellent, and indeed that work, considered 
simply from the point of view of style, is regarded as a model of French prose : 
but his mathematical work is often awkward, lacking the clarity of Euler and 
the symmetry of Lagrange. 

The fact that the spheroidal character of the figure of the earth gives rise 
to inequalities in the motion of the moon led Laplace to make a full investiga- 
tion of spheroids and the gravitational fields they generate ; this he presented 
to the Academy of Sciences in 1782.* He first obtained the elegant theorem 
that a homogeneous shell of gravitating matter, bounded by similar and 
similarly situated concentric ellipsoids, exerts no attraction at any point 
inside it: and then proceeded to investigate the attraction at an external 
point. Here for the first time in history appears the famous Laplace’s equa- 
tion V?)’=0, which he gives in terms of spherical-polar coordinates and 
integrates by series, incidentally discovering the functions which have some- 
what questionably been named Legendre functions and associated Legendre 
functions, and creating the whole scheme of spherical harmonic analysis.t 

This memoir, originally inspired by astronomical interests, has proved of 
immense significance for mathematical physics. Another contribution to the 
same department of science was Laplace’s determination of the velocity of 
sound in air. Newton had proposed a formula, which, however, was not 
verified by experiment. Laplace traced the cause of the discrepancy, point- 
ing out that account should be taken of the heat developed by the vibrations, 
which increases the elasticity of the air: and he showed that the correct 
value of the velocity of sound in air is equal to the velocity given by the 
Newtonian formula, multiplied by the square root of the ratio of the specific 
heats of air under constant pressure and at constant volume.t 

He did not concern himself much with experimental research ; but he did 
a certain amount of practical work on the measurement of heat, and on 
specific heats, in partnership with Lavoisier : the results were communicated 
to the Academy in 1780.§ 

He has left on record that before attempting to explain a phenomenon in 
astronomy, or any other branch of natural philosophy, he often first examined, 
in the light of the theory of probability, whether it could be explained as a 
result of chance, or whether some law must be assumed to exist. Thus, if a 
large number of observations be taken of the height of a barometer at nine 
in the morning and at four in the afternoon, and it is found that the average 
in the former case is higher than in the latter, are we to ascribe this to chance, 
or to a systematic cause? Questions of probability occupied him much 
throughout life, and in 1812, when he was sixty-three, he published a memor- 
able work on the subject, the Théorie analytique des probabilités. 

The study of probability had begun a century and a half earlier in a corre- 
spondence between Pascal and Fermat regarding the following problem : two 
players, who have equal chances of winning a single point in a game, separate 
before the game is finished, without playing it out : how should the stakes 
be divided between them? In other words, what is the probability that each 
player has, at any given stage of the game, of winning it? Pascal and Fermat 


* Mém. de lV Acad., 1782 (published 1785), 113. 

+The Legendre functions are given explicitly, loc. cit. p. 138: the differential 
equation for the Legendre and associated Legendre functions on p. 137. 
{ Annales de Chim., 3 (1816), 238. 
§ Mém. de l Acad., 1780 (published 1784), 355. 
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obtained the correct solution, and a host of more or less similar problems was 
devised and solved by the mathematicians of the eighteenth century. These 
problems, however, practically all belonged to that division of the subject 
which is called deductive probability, in which we are given the constitution 
of a system, e.g. a pack of cards, or a bag containing balls of different known 
colours, and from this knowledge of its constitution we are asked to deduce 
its probable behaviour. There is another main division of the subject, called 
inductive probability, namely when we are given the behaviour of the system 
in specified trials, and we are asked to infer its probable constitution, or its 
probable behaviour in fresh trials. Looking at the matter from the point of 
view of logic, we may say that in deductive probability we are reasoning from 
generals to particulars, whereas in inductive probability we are reasoning 
from particulars to generals. 

Now induction, or the deriving of a general principle from particular facts, 
is essential to all scientific discovery. It abounds in difficulties, both logical 
and practical; indeed the investigation is still proceeding actively at the 
present time, as to how we may discriminate instances where induction is 
valid from those where it is invalid. On this question, as we shall see, there 
is much to be learnt from the life and work of Laplace. 

Let us first take a case where induction is undoubtedly valid. Suppose a 
bag contains a number of pennies, all of which are ordinary pennies except 
one, which has heads on both sides. A penny is taken at random from the 
bag and spun. It shows heads. It is again spun, and again shows heads, and 
so on: being spun, say, a score of times, and every time showing heads. 
The chances against this happening if the penny were a normal one are more 
than a million to one, whereas if the penny were the false one, it would show 
heads every time inevitably. Common sense concludes that the penny is the 
false one. This, I think it will be generally agreed, is a valid induction, which 
would give practical certainty if the penny were spun, say, a thousand times 
and gave heads every time. 

Very early in his career, Laplace had written a memoir,* in which, develop- 
ing some ideas published by the English mathematician Bayes ten years 
previously,} he first distinctly enunciated the formula on which calculations 
of inductive probability are based. As an illustration, suppose a person to 
drink strong coffee, and then to experience a heart attack: the concurrence 
may be accidental, or there may be some causal connexion. If the cencur- 
rence has been observed n times, then according to the Bayes-Laplace rule, 
there is a probability (n+ 1)/(n+2) that the next time the person drinks 
strong coffee a heart attack will follow. : 

This was the first of a long series of papers dealing with various problems 
in probability, of great interest, but in places hard to follow, owing to his 
habit of dismissing difficulties by the words JI est facile de voir. The solution 
often called for new methods of evaluating definite integrals and of solving 
difference-equations, and for this reason the papers are important from the 
standpoint of pure mathematical analysis. 

A striking commentary on the validity of induction is furnished by one 
famous case in which Laplace became involved through his interest in proba- 
bility. His starting-point was the consideration of certain facts regarding 
the motions of the heavenly bodies. All the planets revolve round the sun, 
in planes which make small angles with each other, in what is called the 
direct sense of circulation, that is to say, in the opposite direction to the 


* Mém. par divers Savans, 6 (1774), 621. 


+ Bayes died in 1761: his papers were published posthumously in Phil. Trans. 58 § 


(1763) and 54 (1764). 
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ms was Jmovement of the hands of a watch. All the satellites known in the eighteenth 

These feentury revolved round their respective primaries in the same direct sense : 
subject fand all the planets and satellites which were then known to rotate on their 
itution axes also turned in the direct sense: the rotation of the sun had the same 
known | character. We have here, then, an assemblage of forty-three circulations, all 
deduce | direct. It may be assumed that in movements due to pure chance, the proba- 
, called [bility of a circulation being direct would be the same as the probability of its 
system | being retrograde: and the odds against all forty-three circulations being 
, or its fdirect would then, by the laws of probability, be four thousand millions to 
int of fone. Naturally it seemed to Laplace that all circulations to be discovered 
iz from | subsequently would be direct, and that here was a law of nature, for which 
soning |a dynamical explanation must be found. 

Now it was characteristic of Laplace that he disliked and avoided con- 
r facts, | jectures which went beyond the solid ground of trustworthy observation and 
logical [verifiable prediction. In the case of this problem, however, it was evident 
at the | that a solution could be reached only by discovering a cosmogony, or theory 
‘tion is fof the origin and formation of the universe : and this would necessarily be of 
, there |a somewhat speculative character.* 

It is not likely that Laplace had ever heard of an essay which the philo- 
ypose a sopher Immanuel Kant had published in 1755 on the General Physiogony and 
except | Theory of the Heavens. In this it was assumed that all the matter in the solar 
om the }system was originally dissipated in a gaseous state over a space much greater 
is, and | than that within which the planets now perform their revolutions : in other 
heads. | words, that the sun and all the members of his system had originated by con- 
e more | densation from a vast nebula. Kant’s essay had practically no circulation 
d show [| out of Kénigsberg, and Laplace’s work seems to have been independent of it. 
is the "He postulated a primeval nebula, not unlike that of Kant. As it cooled, it 
which | would condense, and consequently rotate with increasing speed, and, in the 
1 times | process, throw off rings like the ring of Saturn, which would later break up 

ito discrete fragments. As he showed, the fragments (still fluid) of any one 
svelop- ring would under certain circumstances coalesce into a single planet. The 
. years | discovery, not many years afterwards, of the asteroids or minor planets, 
lations } seemed to confirm the theory, since they might be supposed to represent a 
‘son to fring, whose fragments had not united. But remarkable developments now 
irrence | began with regard to the observational knowledge. Since Laplace’s day the 
oncur- | axial rotations of the planets Uranus and Neptune have been ascertained, 
rule, | and have been found to be retrograde: and the revolutions, round their 
drinks | primaries, of the eighth and ninth satellites of Jupiter, the ninth satellite of 

Saturn, all the four satellites of Uranus and the single satellite of Neptune, 

oblems | are also retrograde: that is, ten circulations are now known to be in the 
to his | retrograde sense. Thus Laplace’s induction has not been confirmed by sub- 
olution | sequent observation, and indeed the whole theory which was devised in order 
solving § to explain it has been abandoned. 
ym the} The Théorie analytique des probabilités introduced some new ideas of 

importance in pure mathematics: in particular, the theory of Laplace- 
by one | transforms, to which entire books are now devoted, had its origin in what he 
proba- | called the method of generating functions, a device which he invented in order 
arding | to solve the difference-equations that arise in the theory of probability. 
1e sun, We must now turn to the events of Laplace’s outward life. 
ed the | The Ecole militaire in Paris numbered among its cadets in 1784-85 Napoleon 
to the | Bonaparte. It would seem that Napoleon and Laplace first met in 1786, 


ans. 58 











§ when Laplace, who held the office of ‘‘ examinateur ” to the Royal Artillery 





*The Nebular Hypothesis was published in 1796, at the end of the Exposition du 
systeme du Monde. 








12 THE MATHEMATICAL GAZETTE 


Corps, approved of Napoleon for a commission : Napoleon, who was an eager 
mathematician, must have been deeply impressed by contact with a man go 
famous as Laplace. Thirteen years later, when Napoleon had carried out the 
coup détat of 18th Brumaire (Nov. 9, 1799), overthrown the Directory and 
established himself as First Consul, he determined to strengthen his govern. 
ment by including in it the ablest men he could find in non-political circles; 
and his thoughts turned to Laplace, who earlier in the same year had published 
the first two volumes of his Mécanique Céleste, displaying not only the highest 
order of scientific genius, but also immense industry and capacity for 
systematisation. Laplace was accordingly appointed Minister of the Interior, 
The experiment, however, was not successful: Laplace’s logical and some. 
what abstract mind was not at home in the tumultuous world of personalities 
and compromises into which he was now thrown: and after six weeks he 
vacated the Ministry in favour of Napoleon’s brother Lucien : being himself 
transferred to the Senate, of which he became in 1803 the Chancellor. In 
1806 Napoleon conferred on him the title of Count. 

After the restoration of the Bourbons, Laplace was created a marquis by 
Louis XVIII, and a peer of France, 7.e. a member of the higher legislative 
Chamber as it existed from 1815 to 1848. His only public employments, 
however, were of a scientific character, and his time was spent in comparative 
retirement, at Arcueil, a village three miles south of Paris, where he had a 
country house contiguous to that of his friend Berthollet the chemist. They 
formed there the celebrated club of Arcueil, consisting of a dozen of the most 
distinguished men of science in France, mostly their own pupils. 

He had married, in 1788, Charlotte de Courty de Romanges, and had two 
children : a son, Emile, who became a professional soldier and ultimately a 
General of Division, and a daughter who married the Marquis de Portes. 

He died after a short illness on 5th March, 1827, almost exactly a century 
after Newton, who died on 20th March, 1727: his last words were ‘‘ Ce que 
nous connaissons est peu de chose : ce que nous ignorons est immense ”’ 

A few words may be added regarding the later history of the family. Emile 
de Laplace sueceeded his father as second marquis, but died unmarried in 
1874. His sister the Marquise de Portes had one daughter, who married and 
became the ancestress of the Counts of Colbert-Laplace : their family mansion, 
the chateau of Saint-Julien de Mailloc, half-way between Lisieux and Orbec, 
contained the papers and other relics of Laplace until its total destruction by 
fire in 1925: the present Count now lives near Paris, at Champigny (Seine-et- 
Marne). 

Laplace was buried in the cemetery of Pere La Chaise in Paris: but in 
1888 his remains were transferred * to the mausoleum of the Colbert-Laplace 
family at Saint-Julien de Mailloc. This is situated at 200 or more metres’ 
distance from the Lisieux-Orbec road, behind the point where the road passes 
the old building known as the Chapelle des quatre Mailloc : it has fortunately 
escaped both the fire of 1925 and the bombing of the recent war. At the time 
of the re-interment, the marble monument which had marked Laplace's 
grave in Pére La Chaise was removed and re-erected in the cemetery of 


yy 


Beaumont-en-Auge, where it also is happily still preserved. E. T. W. 


* Cf. Nature, 119 (1927), 493. 
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THE MATHEMATICAL ASSOCIATION. 


Tue Annual General Meeting of the Mathematical Association was held at the 
University of Birmingham on 20th, 21st, 22nd, 23rd April, 1949. 

On 20th April members visited the Barber Institute, and later were wel- 
comed by the University authorities at a reception in the Great Hall. Mr. 
Robson thanked the University for providing lecture theatres and hostel 
accommodation. 

On 21st April the business meeting was held at 9.30 a.m. The President, 
Sir Harold Spencer Jones, F.R.S., was prevented from attending by duties 
abroad, and Mr. Siddons took the chair. The Report of the Council for 1948 
was adopted. A report on the financial situation was given by the Treasurer. 

The following alterations to the rules were carried : 


(i) That the annual subscription of an Ordinary Member in Rules 6 (i) and 
6 (ii) be one guinea. 

(ii) That the annual subscription for a Junior Member in Rules 7 (i) and (ii) 
be T'en shillings and sixpence and that the subscription of a Junior Member for 
the period from the Ist July in the first year to the 31st December in the Second 
Year be Fifteen shillings. 


(iii) That in Rule 8, the Life Composition Fee for an Ordinary Member be 
Twenty Guineas and that the last paragraph of this rule now read “ After 
ordinary membership for fifteen years, the payment for life composition shall 
be reduced to Ten Guineas ”’. 


(iv) That the Annual Subscription of a Branch (Rule 13) be One Guinea 
and of a Junior Branch (Rule 14) be Ten shillings and sixpence. 


(v) That in Rule 18 (ii) the words ‘‘ the Chairman and the Secretary of the 
Branches Committee ”’ be inserted after the words ‘“* Teaching Committee ”’. 


(vi) That the following paragraph be added at the end of Rule 19. “‘ Each 
President, at the conclusion of his year of office, shall become a Vice-President 
for the period of two years. ”’ 


(vii) That Rule 20 now read: ‘‘ Other Vice-Presidents shall be nominated 
wlely by the Council for election at the Annual General Meeting to hold 
office from the conclusion of one Annual General Meeting until the conclusion 
of the next. The number of such Vice-Presidents shall not exceed twelve ”’. 

(viii) That the following paragraph be added to Rule 25: (iii) The Council 
may from time to time appoint from its members a Membership Secretary 
and an Assistant Treasurer. 


The election of Mr. A. Robson as President for 1949 was announced. The 
existing Vice-Presidents were re-elected, and Mr. G. L. Parsons was elected a 
Vice-President on his retirement from the office of Secretary : Mr. Siddons 
expressed the gratitude of the Association to Mr. Parsons for his services as 
Secretary for thirteen years, including the difficult war years. The Treasurer, 
the Librarian, the Editor of the Mathematical Gazette, and the Auditor were 
re-elected. Mr. F. W. Kellaway and Miss M. E. Bowman were elected as 
Secretaries. The following were elected to serve on the Council: Professor 
T. Arnold Brown, Mr. W. Cooper, Mr. C. T. Daltry, Dr. F. G. Maunsell, 
Dr. E. A. Maxwell, Miss F. Pendry, Mr. M. A. Porter, Dr. J. Topping, Mrs. E. 
M. Williams. 

The following new Honorary Members were elected : 


Professor R. C. Archibald, Emeritus Professor of Mathematics, Brown 
University, Providence, Rhode Island ; 
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Professor J. E. Littlewood, F.R.S., Rouse Ball Professor of Mathematics, 
University of Cambridge. 

Professor W. D. Reeve, Emeritus Professor of Mathematics, Teacher: 
College, Columbia University, New York. 


Sir Harold Spencer Jones will give his Presidential Address at the next 
Annual Meeting ; to fill the gap at this meeting, Mr. Robson kindly agreed 
to give the Presidential Address, and spoke on ‘‘ How they learnt, 1600-1850”. 
This was followed by a lecture by Professor Brodetsky on ‘‘ Nomography ”. 
On Thursday afternoon visits were arranged to various industrial firms, to a 
concert, and to the Memorial Theatre at Stratford. 

On 22nd April at 9.30 a.m. Dr. W. M. Hampton spoke on “‘ A mathematical 
approach to some glass-work problems ”’, followed by Professor R. Peierls, 
F.R.S., on *‘ Mathematics—Dead or Alive?”’. At 2 p.m. Mr. C. V. Durell 
and Mr. A. Robson opened a discussion on “‘ A realistic view of Main School 
geometry ”’ and Mrs. E. M. Williams and Mr. R. C. Lyness opened a discussion 
on “ Alternatives to School Certificate Mathematics, with reference to Secon- 
dary Modern Schools”. At 4.30 p.m. Mr. J. A. Petch gave a paper on 
** Statistical treatment of examination marks’. At 7.45 p.m. a social evening 
meeting was held in King Edward’s School for Girls; at this meeting Mr. 
Siddons expressed the Association’s lively gratitude for the work done by the 
Midland Branch in the organisation of the meetings. 

On 23rd April at 9.30 p.m., under the general title ‘‘ Teaching of mathe- 
matics abroad”, Mr. B. T. Gilroy and Mr. R. G. Keats spoke of Australia, 
and Dr. H. C. Christofferson of the U.S.A. 

A Publishers’ Exhibition was open throughout the meeting. 

Suggestions for next year’s meeting should be sent as soon as possible to 
the Secretary of the Programme Committee, Dr. J. Topping, The Polytechnic, 
Regent Street, London, W. 1. 


REPORT OF THE COUNCIL FOR THE YEAR 1948. 
Membership. 


During the period from November 1947 to October 1948, 378 new members 
were admitted, of whom 167 were junior members. The membership at 
November 1, 1848, was 2,570, of whom 4 are Honorary, 196 Life Members, 
2,107 Ordinary Members and 263 Junior Members. This represents a very 
satisfactory increase in membership, which the Council hopes will be main- 
tained. 

The Council reports with regret the death of 17 members during this 
period, including three whose membership was of more than 50 years’ duration, 
viz.: Sir William Thomson (1884), Prof. W. N. Roseveare (1890) and Mr. 
P. V. Broke (1898). 

Miss E. L. Barnard (1928) was at one time a Secretary of the London 
Branch and Mr. J. Katz (1924) served a term of office as Chairman of that 
branch. The services rendered to the Association by Mr. J. W. Brooks (1921) 
have already been mentioned in the Mathematical Gazette. Other members 
who have died during this period are Mr. R. C. Chevalier (1922), Miss R. A. 
Clayton (1912), Mrs. M. Darling (1945), Mr. A. Martel (1946), Ms. H. W. 
Richmond, F.R.S. (1901), Mr. C. G. Rolfe (1925), Mr. A. W. Cragg (1946), 
Mr. M. Megson (1920), Miss N. F. Gaskin (1925), Mr. A. B. Mayne (1914). 

The membership list contains the names of 10 members whose membership 
began before 1900, the senior being Mr. W. N. Stocker who joined the 
Association in 1887. 
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Finance. 

The statement of accounts for the period Ist November, 1947, to 31st 
October, 1948, was sent to members with the October Gazette (No. 301). It 
shows that investments have been reduced by the sale of £500 Defence Bonds, 
and that the amount received for these Bonds was £509 14s. 6d. This amount 
igshown as a receipt. The debit cash balance of £5 18s. 1d. at the beginning 
of the period has become a credit balance of £251 8s. 7d. at the end. Allowing 


» E for the sale of Bonds, it will be seen that the Association has lost £252 7s. 10d. 


during the year. This is the third successive year in which there has been a 
loss, and the total losses for the three years exceed £900. 

During the war £1,000 was saved, and invested in Defence Bonds. It was 
intended that this money should be available to finance the production of a 
number of important reports as soon as possible after the war ended. Un- 
fortunately costs have risen so sharply that the bulk of the savings will be 
absorbed by ordinary expenses, and a call will have to be made on the much 
oder War Loan investments (£1,100) in order to finance the production of 
the reports now being prepared. The remaining Defence Bonds will be sold 
this year and will help to meet the further loss which is expected in the 
1948-49 account. 

These are the main features of the financial position, and they are reflected 
in the proposals to increase the subscription. The new rates which are 
proposed will be adequate if our membership is maintained. Branches must 
be congratulated on their efforts to increase membership during the last 
three years, and encouraged to continue them at full strength. 


The Branches. 


Branch activity during the year has continued to reflect the keen interest 
in educational matters which is now so widespread. A new junior branch 
has been formed at Durham University, and it is hoped to form a North 
Lancashire branch in the near future. There are, however, still a few areas 
which are not covered by existing arrangements. 

Other branches are watching with interest and with every good wish the 
strenuous efforts of the Midland branch to make the 1949 Annual General 
Meeting a success. 

Liverpool is the latest addition to the growing number of branches with a 
representative on the Council. The Plymouth and District Branch is ex- 
perimenting with a meeting at Truro School on a Saturday in May, when 
Professor T. A. Brown of University College, Exeter, will give an address. 
The recent enquiry by the Manchester Branch into methods of teaching 
arithmetic in the primary schools is bearing fruit in the introduction of a 
standard scheme in the district. 

The English branches wish to express their appreciation of the generous 
action of the Victoria Branch in sending food parcels. 

The Overseas branches have all continued to hold successful meetings. 
In New South Wales there have been discussions on the papers set in Examina- 
tions and on the courses of study in Secondary Schools (with special reference 
to the needs of the less gifted pupils). 

The Queensland Branch held two meetings, at one of which the Teaching 
of Trigonometry was discussed. Two meetings have been held at Auckland 
and here also the content of the mathematical curriculum has been the main 
topic under discussion. 

The Victoria Branch has held four successful meetings, one of which was 
uldressed by Sir Ragunath Paranjpye, High Commissioner for India. The 
branch has suffered a loss through the transfer of its Secretary, Mr. F. J. D. 
Syer, who had held the office since 1937 and had shown great energy and 
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vision in increasing the usefulness of the branch. He was the instigator of 
the scheme for sending food parcels to the Home Branches, a service for which 
many members will wish to thank him as well as Miss Gibbons who ad. 
ministers the scheme. 












































The Australian Mathematics Teacher is still meeting with support from all 
parts, and, in spite of rising cost of printing, the venture is proving to beBProble 
very successful. , 

: The 
The Mathematical Gazette. years. 


Vol. XXXII (Nos. 298-302) has carried the Gazette past a landmark. The ie 
occasion was observed by the publication of the 128-page No. 300, but the = 


. . . . . re t 
other four parts of the volume were reduced in size in order to keep the i, 
volume to its normal 320 pages. s 

For reasons of economy, Vol. XX XIII will be issued in four parts instead 
; . a ses, 

of five, but the total size of the volume should not be altered. Since 19494° 

ake ; ‘ : ‘ager often 
sees the bicentenary of the birth of Laplace, an article on his life and work + 
by Sir Edmund Whittaker is a timely and welcome item for this volume. their : 
The Library. who | 


In the autumn the books were moved to the University Library at Reading,} (fice 
where they are to have a permanent home, while remaining the property of 


‘ies fe ; : ae age The 
the Association. The postal service will be administered by the staff of the . 
ap ; : : > : : servic 
University Librarian, and in return the books will be accessible to students of 
gle ihe « 5 Misi a : - count 
the University as well as to members of the Association. The Council has the af 
expressed to the authorities of Douai School the gratitude of the Association 
: : : “Spt coe made 
for accommodating the books for the long period of eight years. : 
ss ; 7 , s ¢ Counc 
Some of the runs of journals, interrupted in 1939, have been brought up wi 
to date, but it has not yet been possible to resume binding in the styles adopted ae 
~ _ 
before the war. . 
The 
The Teaching Committee. and i 
= es ; ‘ : , . , freely 
rhe full Teaching Committee met in March and received reports from all ie bs 
the sub-Committees ; in some cases the tasks entrusted to them have now Risin 


been completed. Th 
The Preparatory Schools Committee revised the Syllabus in Mathematics ate 
for the Public Schools Common Entrance examination and has published (Libr: 
its report. ; : , the I 
The Trigonometry Report is now in proof and should be published during a or 
1949. Work on Part II proceeded so rapidly that it was decided to delay Pal 
Part I in order that the whole report might be bound as one volume. “ 
The sub-Committees dealing with Visual Aids and with mathematics in Mr. E 
Primary Schools are both making steady progress; a memorandum on.” 


Spina ene ‘ , ae remai 
Mathematics in Secondary Modern Schools is ready for printing. a 
The Technical sub-Committee has completed two reports and is now awe i 


engaged on another dealing with Mathematics in Technical Colleges ; in this 
work the Institutions of Civil, Electrical and Mechanical Engineers are co- 
operating fully through nominated representatives. Reports on the training Th 
of teachers of Mathematics in Technical Schools and Colleges, and on Mathe- 


matics in Secondary Technical Schools are both in proof. _ 
The Sixth Form Committee resolved itself into two panels to deal separately ,, “ 
with Calculus, and with Geometry in the Sixth form. The first of these _ 
reports has reached the drafting stage while the second is proceeding smoothly; Tes 
it promises to be a worthy addition to the other Geometry reports. Ten 
The Examinations Committee was asked to deal urgently with the problems but t 


created by the new scheme for the General Certificate in Education. Progress 
7 B 
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REPORT OF THE COUNCIL 


as been excellent and a unanimous report was completed by the middle of 
February. This is to be forwarded to the eight Examining Authorities and 
xpresses, on behalf of the Association, firm opinions concerning the plan of 
the papers to be set in Mathematics and Mechanics at all levels, as well 
asindicating in some detail the scope of the syllabus for the whole examination. 


Problem Bureau. 


There have been rather more applications for assistance than in previous 
years. Many of the questions are from the Scholarship papers set by the 
various examining bodies, and solutions of Mechanics questions are frequently 
required. The Cambridge scholarship questions are also in demand, though 
here the emphasis is on Calculus and Analysis. 

The Problem Bureau continues to be of special assistance to members who 
are in schools where there is only one mathematical specialist. In such 
cases, When a difficult question does not yield to a first attempt, there is 
often no time for repeated efforts. 

A number of members continue to give valuable assistance as solvers and 
their number has recently been increased by the addition of Mr. G. A. Bull, 
who has already done very useful work. 


Oficers and Council. 


The Council records its thanks to Sir Harold Spencer Jones, F.R.S., for his 
services as President. It is regretted that his enforced absence from the 
country on official duties has prevented him from giving as much time to 
the affairs of the Association as he would have wished, and in particular has 
made it impossible for him to preside at the Annual General Meeting. The 
Council, in nominating Mr. A. Robson as the next President, thanks him for 
his willingness to deliver his Presidential Address at the beginning of his 
term of office. 

The past year has seen great activity on the part of the Teaching Committee 
and its various sub-committees. The members of these Committees give 
freely of their time and skill in order to ensure that the various reports which 
are being prepared shall be as authoritative as possible and the Council 
wishes to offer the thanks of the Association to these members. 

The thanks of the Council are once more due in large measure to Professor 
Broadbent (the Editor of the Mathematical Gazette), to Professor Neville 
(Librarian), to Mr. Gosset Tanner and his helpers in the Problem Bureau, to 
the Treasurer and Secretaries and to those who have shared in the work 
of organising the Annual Meetings. 

Particular tribute must be paid to Mr. G. L. Parsons who has now resigned 
the office of Honorary Secretary which he has so efficiently held since 1936. 
Mr. Parsons has thus served the Association over a period which has seen a 
remarkable expansion of its work and been one of the most difficult because of 
external circumstances. That the Association is in such a flourishing state 
now is due to the unstinted efforts of such members as Mr. Parsons. 


RAwpDon LEVETT. 


The Annual Meeting at Birmingham, the first to be held outside London, 
teminds me once again of Rawdon Levett, who was Senior Mathematical 
Master at King Edward’s School. In 1870 Levett wrote a letter to Nature 
suggesting the formation of an Anti-Euclid Association ; and that letter was 
the direct cause of the formation of the A.I.G.T. in January 1871, which 
became the M.A. in 1897. The A.I.G.T. produced a syllabus and textbook of 
geometry and did much to improve the mathematical teaching of the country, 
but they failed to get many concessions from the Universities. Ail they 
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really got was that proofs other than Euclid’s would be accepted ; that wa 
in 1887 and.1888. But the work done by the A.I.G.T. laid the foundatio 
for the great reforms that have taken place in this century. Levett was 
secretary of the Association for its first thirteen years. When he retired fron 
the secretaryship the President said, ‘‘ If the Association has attained an - 
success through one individual more than another, that individual is Mrg 
Levett. When he died the Times said ‘“‘ Levett was a schoolmaster of genius 
he was among the greatest teachers of his time ’’. We boys found him kindly 
humorous and interesting. More can be read about him in Vol. XI of the. 
Gazette and again in my Presidential Address to the Association in 193§ 
(printed in Vol. XX of the Gazette). 


is kno 


A. W. Srppons. ftheore 
- ——EEE : ———— : -=S+=--- — The 
polyne 
GLEANINGS FAR AND NEAR. omen 


1587. ... where he set his hand to the plow, the furrow never failed to bg 
deepened, if, indeed, its direction was not soon materially altered.—R. Effn thi: 
Langer, “‘G. D. Birkhoff”’, Trans. Amer. Math. Soc., 60, 1-2 (1946). [Per 
Dr. B. H. Neumann.] 


1588. Zaleski’s reception of me was most cordial . . . he broke into a perfectfg tha 
torrent of wild enthusiastic words, telling me with a kind of rapture that héthe pl 
was just then laboriously engaged in coordinating to one of the calculi certai§and h 
new properties he had discovered in the parabola.—‘‘ The 8.S8.”’, from Thélfor wh 
Best Stories of M. P. Shiel. [Per Mr. L. Woollard.]} to (ii) 

1589. Words are an imperfect instrument for expressing complicated con§yalue 
cepts with certainty ; only mathematics can be sure of doing that.—Sir Ernest ous fv 
Gowers, Plain Words, p. 6. [Per Mr. E. J. F. Primrose.] ing (il 

1590. It (Yarmouth) looked rather spongy and soppy, I thought, as I carried *“4Y 
my eye over the great dull waste that lay across the river ; and I could no” est 
help wondering, if the world were really as round as my geography-book saidg "5" 
how any part of it came to be so flat. But I reflected that Yarmouth might ™ 
be situated at one of the poles ; which would account for it.—Charles Dickens, An 
David Copperfield, Chap. III. [Per Mr. E. J. F. Primrose.] first { 


1591. He was a pioneer of modern mathematics, founded analytical ca 
algebraic geometry and made a first attempt at the systematic classification 

of curves. He successfully doubled the cube and trisected the triangle, introf. 
duced our system of indices and discovered the so-called ‘‘ Descartes’ rule off 8 di 
signs ”’. 

This is to the effect that an algebraic equation can have no more true roots 
than its co-efficients have changes of sign from plus to minus, and no more 
false ones than the number of times two plus or minus signs occur in suc- 
cession.— Sydney Daily Mirror, Jan. 31, 1948. [Per Mr. J. B. Douglas.] 


1592. For the roundabouts rule the scene; the roundabouts take the and i 
money. The supreme desire of the revellers is to describe circles, either on Th 
horseback, or in yachts, either simple circles or complex circles, either up and tude 
down, or straight along, but always circles. And it is as though inventors the 1 
had sat up at nights puzzling their brains how best to make revellers seasick °° 
while keeping them equidistant from a steam-orchestra.—Arnold Bennett, facto 
The Dog. {Per Mr. John Williams.} mo a 
1593. Sooner or later the tension arising from constant Communist pressure ad 

.. was bound to lead to an open break.—The Times, Feb. 23, 1948. [Per 
Mr. J. T. Combridge. | 
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By R. L. GoopstTeErn. 









that wa 
indatio 
tt was; 
ired fron 
ined an 
al is Mr 
f genius 
n kindly, 
I oof the 
in 1934 


















xE following theorems are closely connected in various ways ; one common 
thread that runs through them is that in each a critical stage of the proof 
nsists in filling in a missing value in the range of values for which the result 
i known to hold. Another common feature, of no logical importance but 
none the less the raison d’étre for this article, is that each serves to illustrate 
important fallacies and omissions in current accounts of elementary algebra 
ad analysis. 



















































»DONS. ffheorem 1. The remainder theorem. 
The best known proof of the remainder theorem runs as follows : divide a 
polynomial p(x) by x-a until the remainder is of degree zero ; then if q(x) is 


the quotient and R (independent of x) the remainder, we have 


a wcll P= (= GG Fe sinrieccscncsndasesswaseoneuees (i) 
—R. Effin this equation, take «=a, then 

s). [PB 

> DAT ssinsuicriesseosiicsadictidiemas aaa (ii) 


1 perfect that p(a) is the remainder when p(x) is divided by x-a. The fallacy in 
that hq the proof lies in the fact that (i) has been established by division by x -a, 
1 certaifand holds, therefore, for all values of x except x=a. The critical value of 2, 
‘om Thfor which we seek to use (i) to derive (ii), is missing and so the step from (i) 
to (ii) requires further justification. Of course the truth of (i) for the missing 
ted confvalue x =a is supplied by continuity, both sides of the equation being continu- 
r Ernest{ ous functions, so that, as xa, p(x)—p(a) and (x - a) q(x) + RR, establish- 
ing (ii). However, the remainder theorem is taught long before the student is 
| carriedg *#dy to appreciate a “‘ deep ”’ concept like continuity, so it becomes important 
yuld notf © establish the theorem by purely algebraic reasoning, and chronological 
ok said§ nsiderations apart, an appeal to continuity in a theorem on polynomials is 
h migh quite unsatisfactory. 

Yickensy_ An algebraic proof is not hard to find. One method is to prove the theorem 
frst for the special case of x". We have to show that x" — a” is divisible by 
t-a; this is true for n= 1, and if it is true for n=™m, then 





tical or 

fication amth _ gmt) — x(x™ — a™) + a™ (x - a) 

>, introf jf : ; 
rule A is divisible by x-a, proving the result for n=m-+1, whence, by induction, 


n 
i ry’ . _ ‘ r 
— itis true for all n. Then, if p(x)= Lew A 


Oo more n 
in suc- p(x) - p(a) = Xe, (2 - a’) 
S.] 0 


ke the ad is divisible by 2 - a, which completes the proof. 

ther onf There is no logical objection to this argument ; its drawback is that the 
up and student is liable to forget the special part played by x” in the proof, and, seeing 
ventors§ ‘te remainder theorem applied to x" +a" to test for the factor «+a, may 
seasicky Consequently appeal to the remainder theorem to prove that 2"- a” has the 
ennett,f actor «-—a, completing a vicious circle. Even on technical grounds there is 
no advantage in taking the particular case of x" first, for the following induc- 
— tive proof is no more difficult than the foregoing. 


al Ly s . 
(Per The remainder theorem is true for any polynomial of degree 1, for 
Cot + C, — (Cot 


+ C,;) =C9(2%— a); 
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if it is true for any polynomial of degree n, then if py,,(x) is any polynomial 


n+1 n hen g ( 
2 c,2"t!-" of degree n + 1 and if p, (2) = Xc,2"-", we have 
0 0 
Pnyil(®) = Xpy(X) + Cnyr, so that 
so that Pnys (©) — Paya (@) =2Pn(x) - apy(a) The 


=(«v-a)p,(x)+a{p,(x) — p,(a)}. 
By hypothesis the right-hand side is divisible by x — a, and hence so is the left. 
hand side, whence by induction the remainder theorem is true for a poly-[exists } 
nomial of any degree. 

It is sometimes stated that even if f(x) is not a polynomial, f(a) =0 still 
implies that f(x) is divisible by x — a, but in this form the statement is meaning. 
less ; before the assertion can be given a precise significance we must specifyfgnd thi 
the field of functions to which the quotient and dividend are assigned. In 
theorem | the function field is the class of polynomials. To extend the theorem 
to the class of continuous functions we have to show that if f(a) is continuous 
then there is a continuous function g(x) such that 


since tl 
f(x) — f(a) = (x — a) q(x). may nC 
If we define g(x) by the condition The 
q(x) ={f(x)-f(a)}/(ev-a), xa, Theore 
then q(x) will be continuous at «=a only if g(a) is so defined that q(x)—>q(a) | 
: : : then w 

asx—da. But lim q(x) exists only if 
lim { f(x) —f(a@)}/(@- a) =f’ (a) and th 

z—a 


exists. Thus the remainder theorem for continuous functions requires differ} For, 
entiability at the critical point «=a. 

This might be quite an interesting approach to the calculus. The beginner 
is often puzzled (and the puzzlement may last all his life, though pushed into 
the background of his mind) why the calculus treats of such a curious expres- 
sion as {f(x)—f(a)}/(7-a). Approached through the remainder theorem 
this ratio, and its limit, arise perfectly naturally, and in a setting which is} The 
already familiar. 

In the field of differentiable functions a similar situation occurs. The 
differentiability of f(x) does not suffice to ensure that the quotient of f(a) — f(a) 
by x-a is everywhere differentiable, but a sufficient additional condition is 
the existence of the second derivative f’’(a). For, if 


¢ (x) =f (x) — f(a) - (x - a)f’ (a), 


The so 


w 


unique 


Theore 


In ¢ 
so that ¢’ (x) =f’ (x) -f’(a), Thi: 
then ¢'(x)/(w-a)>f"(a) as axa; a | 
but by Cauchy’s formula there is a point c between a and 2 such that ( 

(2) ‘(c) for all 
g(x ane passa 
(w-a)? 2(c-a) 
and so ¢(x)/(w-a)?+}f"(a) as aa, 
that is, {LHe _ pay} [wa 49a. to 
Accordingly if q(x) ={f(x) -f(a)}/(v-a), xa The 
=F" (a), 2=4, a” 


if co 
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hen q(x) is differentiable for xa and 


{q(x) -— g(a)}/(x- a) + $f’ (a), 
«0 that q(x) is differentiable also at 2 =a. 
The existence of f’’(a) is more than is strictly necessary, for 


za (x - “ay 
exists provided only that we can assert the existence of 
c) a 
— i. S'(c) -f' (a) 
za 2(¢ - a) za sa 
and this is not necessarily as much as is required by the existence of 
; (x) -f’(a 
tim LO) (a) 
za oe 


since the unknown function c (whose existence is given by the Cauchy formula) 
may not attain all values near a as x tends to a. 


The remainder theorem for polynomials is just a part of the more general 
Theorem 2. If Qrs1=Wy+ Criss Yo=Co» 
then when cox” + c,2"-1 +... +, is divided by x -—a, the quotient is 
; Get”! + qx"? +... + dna 
and the remainder is q,,. 


n—-1 n—-1 n 


For,  (w@-a) Zgqye""-* + qq =Ger" + Z (drys — age)e" 1 = Z cpx"-", 
r=0 r=0 r=0 


The solution of the recurrence relation 


Grit =r + Cris Yor lo 
Gr = Coa" + cya"! +...+¢,, O<r<n (proof by induction). 


we 


The proof of theorem 2 does not show that the quotient and remainder are 
unique ; this uniqueness is a consequence of 


n n 
Theorem 3. If the polynomials a,x’, 2b,x" are equal for all values of x, then 
0 0 


a,=6,, Oren. 
In other words, if Eo,2" = = 0 for all values of x, thenc,=0, O<r<n. 
This is commonly seavel by an implicit induction. 
If Boat = 0 for all z, then taking x=0 we have c,=0. Hence Sex") =0 


1 
for all x, and taking x=0 we find c,=0 and so on. The fallacy lies in the 
passage from 


n 
rZc,x"—'=0 for all x 
1 
n 
to 20,2"-*=0 for all x. 
1 
The most that we can deduce is that the second equality holds for all x except 


:=0, and the proof breaks down because the critical value x=0 is missing. 
0f course, we can fill in the missing value by continuity, but this would take 
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the proof out of elementary algebra (and the same must be said of the techni 
cally trivial proof by repeated differentiation). 
The appeal to continuity is natural and inevitable if we replace the poly 
nomials in theorem 3 by infinite power series. 
The real objection to the use of the continuity (or differentiability) argu 
ment in the case of polynomials goes much deeper than the mere separatia 
n 


of algebra from analysis. For a polynomial 2c,x" to prove that c,=0, 0<r< 


it suffices to know, not that the polynomial vanishes for all values of x, buj 
just that it vanishes for n +1 values. The hypothesis of theorem 3 is redun 
dant, and the theorem which makes the minimum hypothesis is not attainabls 
by a continuity argument. 

The fact that a polynomial of the nth degree is zero for all values of x if ij 
is zero for n+1 distinct values is a simple consequence of the remainder 
theorem. For if the nth degree polynomial p, (x) vanishes for 


x=a,, l<r<n+1,2z,x, when r¥s, 


then by the remainder theorem there is a polynomial p,_,(z), of degree n - | 
such that 
Pn(X) = (% — Ly) Pn_s (2) 5 


since the x’s are all different it follows that p,_,(7) vanishes for x=, 
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2<r<n+1. By repeating the argument we determine in turn polynomi 
Pn—2(X), Pn_s(X), ... , Po(x), the last of degree zero, and such that 


Py (X) = (x — 2) (% — %q) ... (U— Ly) Do. 
Since pp(%p,,)=9 and p, is constant, it follows that p,»=0 and so p,(2) 


zero for all values of 2. 
This does not, however, advance the problem of proving 


n 
Theorem 4. If Xc,2’=0 for n+ 1 distinct values of x, then c,=0, 0O<r<n. 


0 
The simplest direct proof of this theorem is by determinants. If 2, 
0<r<n, are the n+1 distinct values of x for which 2c,2"=0, and if C,, 
is the co-factor of x,” in the alternant determinant 4 with leading diagonal 
(x,°x,x," ... x,"), then, multiplying the equation 


n 
2c,x,7=0 
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§coulc 
functic 
close t 
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by C,,,, and adding for 0<q<n, we find 4c,=0, and, therefore, c, = 0 sincq 
4 is the product of the differences of the x’s and so is not zero. Thus, c,= 
for any p. 

Another interesting line of proof which does not involve determinan 
utilises the quotient theorem we proved above. We proceed by induction. 

The theorem holds for n=1, for if c,+¢,” vanishes for x=a and for x=) 
ab, then c,(a —- b)=0, so that c,=0 and, therefore, c,=0. 

If the theorem is true for n= 1, 2, ... m- 1, let a and a,, l<r<m, be m+! 
different values of x for which 


™m 
2c,2°=0; 
0 
m m—1 
then 2¢,2° =(z%-a) Z gq", 
0 0 


but tk 
for | 7 
for all 
nent 








where 9,,1= 49, +¢C,41, Yo=Co, and g,,=0. Since a,-a 0 and Zc,x" vanishes 
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if C, 
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0 sincg 


tee 
or «=a,, therefore 2 q,x”-"— vanishes for the m values of x, a,, l<p<m, 
r=0 
dso, by hypothesis, 
q,=90, O<r<m-l. 
Since Co=Q and ¢,,,=4,41 — 49,, 0<r<m-—I1, it follows that c,=0, O<r<m, 
and the theorem is true for n=™m, and therefore for all n. 


We have already observed that the continuity argument establishes the 
extension of theorem 3 to ~_ er series. This argument succeeds in fact under 


ithe weaker hypothesis that So,x° = 0 ~ all x in some interval containing the 


0 
origin, however small (or even that So,2° = =0 for x=2,, where x 
0 


tozero). This extension, however, is only a particular case of 


converges 


Dp 


@ 
Theorem 5. If f(x)=2c,x" vanishes for x=2,, p>0, where x, converges to 


fand, for p>1, , xy, are all interior to the interval (0, x9), then c, = 0 for all r. 
We may without loss of generality suppose that é>0, (and SO 2% >6&). 
Since f(x.) = 0, the power series converges at x = 2, and is, therefore, repeatedly 
differentiable in the half-open interval (0, 2]. We observe first that theorem 
5could be deduced from the familiar result in the theory of complex analytic 
functions that if a function is analytic in a region R and vanishes arbitrarily 
dose to an interior point of R then the function vanishes throughout the 


8) 
.Binterior of R; for 2c,2z” converges at z=2, and therefore in the interior of 
0 


the circle | z |=a, represents an analytic function which vanishes arbitrarily 
clese to the point € in the interior of this circle. We prefer, however, to derive 
theorem 5 from 


Theorem 6. If a real function f(x) admits a Taylor expansion about a point a, 
valid in some interval, then f(x) admits a Taylor expansion about any point 
interior to this interval. 

Assuming, for the moment, the truth of theorem 6, we return to the proof 


eo) 
of theorem 5. Since f(x) admits the Taylor expansion 2,2", about the 
0 


wigin, valid in the interval [ — ~ X,), therefore, 


Ne+h)=E5 “#M(g) for |h|<2,-é. 
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Now, by continuity, f(é)= lim f(x,)=0, and if f"(€)=0 for 0<r<m, then 
Po 


gern =nmn {PR py hr fmer+a b nme {— te) ng (h) } say. 


(m+ 1)! (m+r+ 2)! (m+ 1)! 











Let h, =x, - é, then f(£+h,)=0 and so 
foe) i b(h,) = 0; 


(m+1)! 
but the power series ¢(h) converges for | h |< ho, and is therefore continuous 
br |h|<h,, and h,-+0, whence, letting p+, f™t4(£)=0. Thus, f"(g)=0 
fr all n, and so itz +h)=0 for all h satisfying |h|<h,. Repeating the argu- 
nent at the point ¢ — 4h, we find f(x) =0 at all points of the interval (£ — 2h, 
f+h,), and so on, up to f(x)=0 at all points of (€-2rhy, €+ho) for 
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r <(x_ + €)/2(v,- &); in particular f(x)=0 throughout (0, 2), and so c,=( 
for all r, which completes the proof of theorem 5. 


Theorem 6 is a simple rearrangement of series. It suffices to show that if 
nD 


f(x) = Xe,2"/r! for | «|< R and if | a |< R, then 


L hr 
flath)=E~ f(a) for |h|<R-ja|. 
0 rs 
We have 


£ Dn r r1 r—2p,2 r 
flath)=Xe,(a+h)"|rt=Le, ¢ _ a h ; a’~%} =) 


; 0 Ar! (r-T)!t (@-2)!2! rt 
f(a) + hf’ (a) 4 wt (a) ae 


provided that we can justify the rearrangement of the series. We observe 
that the series 
Co t+ ¢,a + c,h + c,a?/2! + cgah + cgh?/2!+... 
is absolutely convergent, for | h |< R—| a |, since 
t 


Co|+|cya| + eh | + | cga?/2! | + | cgah | + | cgh?/2!|4+...=Le¢, |(la]+ [A lie 


which converges provided |a|+|h|<R. Thus the rearrangement we have 
to justify is of the form : 
L D 
If Xu, is absolutely convergent, andif 2 2 v, ,isarearrangement of L1, (80 
r=08=0 
that for each 7 there is a unique p, gq such that w, 
unique r such that » u,) then 2 Zyv,, 
res 


a and for each p, q 4 


by 
ap r— au, 


Let np Yop "inp ae Un p ’ 
D D 
i . s’ - 
b) 12 . 
since eo Noet& o a bh 
s=0 r=0 


therefore, Ly, , is absolutely convergent for any p. Let V® be the limit of 


Fa p then we have to prove that 
n ny 
x’ Vp 5’ 
a |} Z U,. 
p=0 0 


Given any positive integer k, choose R so that 

, dL |u,.|</k for n>R, 
and choose P, Q so that the set v,, y for 0<p<P, 0<q <Q contains all uv, for 
O<r<R. Furthermore, choose By 2@ such that 


| V?- V5 |< 1/29+k for n>y, ; 


then, for any r, 


r r 
s” P s’ FB > 
zy Pa Y snl 1/k. 
p=0 p=-0 | 
n R | D 
For n>P SV Su il< SS | u, |<1/k 
_ Mp, p ay a= r /K, 
0 0 R+1 
L R 
be s” . 
and Lu, — £u,| <1/k, 
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MISSING VALUE THEOREMS 


n a | 
therefore, for n >P 2 V?- Luy|< 3/k, 
| p=0 0 
x nD 
which proves that 2V?=2Zu,. 
0 0 


We conclude with two theorems of a rather different type. 


Theorem 7. If d(x) = 2a,2", (x) = Xb, 2", both power series being convergent 
for | |<R, and if ¢(x)p(x)=0 for all x satisfying | 2 |<R, then one of the 
functions ¢(a), (x) is constantly zero for | x |<R. 

For, either 4(a) = 0 forall 2, | «| <R or there is ac (| c |<<) where ¢(c) 0, 
and so by continuity an interval containing c where ¢(x2) 0; in this interval 
b(z) = 0 and so, by Theorem 5, (x)= 0 for all x satisfying | x |<R. 

Theorem 7 is not quite as obvious as it looks on the surface. We cannot, 
for instance, weaken the requirement that ¢(x) and y(x) are power series. 


Theorem 8. If f(x,, x,,...%,) is continuous and admits all the partial first 
derivatives Of/0xr,, l<r<n, and if 


n 
2 {daf/ox,}? = 0, 
r=0 
throughout a region FR, then f(x,, 2, ... 7,,) is constant in R, 


Kither 2 {0f/ox,}?— 0 throughout FR, (all summations being from 0 to n) or 
there is a point, and so by continuity a region p containing this point, where 


L{of/ex,}2>0; hence, in p, f(x, 22, ... 2,)=0, and therefore 2 {df/dx,}? = 0. 
This contradiction proves that 2 {of/ex,}?=0, that is, of/dx,—0, L<r<n, 
throughout R, and so f(x, x, ... %,) is constant in R. R. L. G. 


BUREAU FOR THE SOLUTION OF PROBLEMS. 


Tus is under the direction of Mr. A. S. Gosset Tanner, M.A., 115, Radbourne Street, 
Derby, to whom all enquiries should be addressed, accompanied by a stamped 
and addressed envelope for the reply. Applicants, who must be members of the 
Mathematical Association, should whenever possible state the source of their 
problems and the names and authors of the textbooks on the subject which they 
possess. As a general rule the questions submitted should not be beyond the 
standard of University Scholarship Examinations. Whenever questions from the 
Cambridge Mathematical Scholarship volumes are sent, it will not be necessary to 
copy out the question in full, but only to send the reference, i.e. volume, page, and 
number. If, however, the questions are taken from the papers in Mathematics set 
to Science candidates, these should be given in full. The names of those sending 
the questions will not be published. 
Applicants are requested to return all solutions to the Secretary. 


1594. Maugham’s theatrical career might be likened to a parabola... . 
For Services Rendered and Sheppey, however, are not comedies of manners. 
The parabola has completed its half-circle.-Radio Times, July 23, 1948. 
[Per Mr. R. B. Harvey.] 


1595. The detective story ranks with the daily crossword puzzle and the 
mathematical problems concerning curious hikers who walk in a N.E. direc- 
tion for an unknown number of miles and are overtaken by equally purpose- 
less cyclists with whom they are able to calculate the size of Farmer Giles’ 
hayfield by means of the cost of a pint of ale multiplied by their combined 
ages.—W. A. Bagley, Plot-making for Fiction Writers (Hutchinson), p. 97. 
[Per Mr. L. Brend.} 














26 THE MATHEMATICAL GAZETTE 


LINEAR DIFFERENTIAL EQUATIONS AND THE OSCILLATORY 
PROPERTY OF MACLAURIN’S COSINE SERIES. 


By AUREL WINTNER. 
It is well known that, if 


n 
C,(t)= & (-1)™t?™/(2m)!, 
m=0 
cos t>C,,(t) or cos t<C,(t) holds for 0<t<@ according as n=1, 3, 5,... or 
n=2, 4, 6,.... It will be noted that this is not obvious in itself. In fact, 
the absolute values of the successive terms of the alternating series 


D 
C,(t)=cost= 2 (-1)™t?™/(2m)! 
m=0 
do not decrease from m= 0 onward, except when ¢ is small. 

Clearly, «=cost is that solution of the differential equation 2’ +a =0 
which is assigned by the initial condition «(0)=1, 2’(0)=0. In what follows, 
the oscillatory property of the partial sums of cos ¢ will be extended so as to 
apply to a class of differential equations x’’ + f(t)x=0 which cannot be solved 
*‘ explicitly ”’. 

In a binary system of homogeneous linear differential equations, say in 

u’=a(t)u+b(t)v, v’=c(thu+d(t)v, ('=d/dt), ..........ccee (1) 
let a, b, c, d be continuous functions on an interval 0 <t< 7. Then the suc- 
cessive approximations to the solution (u=u(t), v=v(t)) determined by the 
initial condition (u(0), v(0)) are defined by the recursion formula 


rt re 
Un (t)=Uu(0)+\ (aren 4+ bvn_y)ds,  Un(t)=v(0)+| (cten_4 + dvq_;)ds, ...(2) 
J0 0 


where w(t) =u(0), vo(t)=v(0). As n>, the limit relations w,(t)>u(t), 
v,(t)>v(t) hold uniformly for OStST. 

Let the system (1) be represented by a single differential equation of second 
order, say 


A PS Gy cedews cccvesecetirectenondssubaycaes (3) 


where f(t) is given as continuous for0 [tS 7. Then (u, v)=(a#, x’). An easy 
calculation shows that the recursion formula (2) now reduces to 


ce 
Xp (t)=2x(0) +a’ (Ot - \ OPO ig (OEE, acscecesessvecvees (4) 


where 2,(t)=2{0)+2’(0)t. Correspondingly, if «(¢) denotes that solution of 
(3) which is determined by the initial condition (~(0), 2’(0)), then 


rt 
a(t)=x7(0)+a'(O)t \ « — 8) f (s)x(s)ds. 


If this identity is subtracted from (4), it follows that the difference 
AE HBF) = BE) yc ccossescnscncscvcccctvcvscesscxees (5) 


representing the n-th error in the process of successive approximations, is 
supplied by the recursion formula 


ct 
Yn (t) \, 8 = GE IO, wonciccadssdscssicececantt (6) 


where 


Yo (t) = (0) +2’ (O)E— a (E). .....ccceecceseecescceceeees (7) 
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Suppose now that f(t) is a positive function. Then (6) shows that if y,,_ ,(¢) 
is positive [negative] at every ¢ contained in an interval 0<t<7'*, where 
T*< T, then y,(t) is negative [positive] on the same interval. Hence, if there 
exists a 7'* having the property that 


MES AON OE ic cdissevcsevwnanasivcneeecniconses (8) 
holds at every ¢ contained in the interval 0< t< 7'*(< T), then 
A et Sin cs ks civ cindico snakes nnnesiseovonseraey (9) 


holds, for every positive n, on the same ¢t-interval. In order to see this, it is 
sufficient to use (7) for n=0, and to apply the preceding remark when the 
induction is made from an unspecified n — 1 to the corresponding n. 

If the initial condition determining x(t) is 


Re IE uicdccticsiercmemnall (10) 


then (8) reduces to the requirement ~— © <a(t)< 1 and is, therefore, satisfied 
if 

OR UO. cccasxcapacseccawtecasosees cerns (11) 
Hence, if f(t) is positive, then the successive errors, (5), belonging to that 
solution, x(t), which is determined by (10), satisfy the inequalities (9) on all 
those intervals 0< t< T'* on which x(t) is subject to restriction (11) (provided 
that there exist such intervals). 

It will now be shown that, if f(t) is continuous, positive and increasing on 
the half-line 0<t< @ , and if x(t) denotes that solution of (3) which is determined 
by (10), then, over the entire half-line 0<t< @, the graph of the n-th approximat- 
ing function «=x, (t) is situated completely above or completely below the graph 
of x= x(t) itself, according as n= 2, 4, 6, ... orn=1, 3, 5,.... 

It is clear from (5) that the alternative of this theorem is just a restatement 
of (9), where n=1, 2, 3,.... Hence, it is sufficient to show that, in the 
present case, (10) implies (11) for every ? satisfying 0<t< 7'*, where T*=o. 
But this can be ascertained as follows : 

Since f(t) is positive and increasing, (3) is majorised, in Sturm’s sense, by 
the differential equation z’’+f(0)z=0. In view of f(0)>0, the latter dif- 
ferential equation is that of a linear oscillator. Consequently, (3) itself is of 
oscillatory type, that is to say such that the zeros of every solution a (¢)+0 
form a sequence clustering at t=«. Hence, by Rolle’s theorem, there exists 
a sequence, say to, t,, ts, ... , satisfying x’ (t,)=0 and t,>2,k>o@. 

The local maxima of | x(t) | are attained precisely when t=¢t,. On the 
other hand, the second of the conditions (10) means that ¢,=0 is a t,. Conse- 
quently, (11) must be true for 0<t< o if it is true for t=¢,, t,,.... Accord- 
ingly, it is sufficient to ascertain that 


[ wte) |< | eles) | BH Ny Byes... ccccccecsvcesecsseaveses (12) 
But more than (12), viz., 
| w(t.) |< | e(eg_;) |, where tp_,< ty, (B= 1, 8, .02)y coosersccoceveeees (13) 


is well known. In fact, (13) can be verified by a familiar argument, as 
follows : 

If g(t) is defined to be the function which results if the function a(t) and its 
derivative 2’ (t) are substituted into 


SEO, cn icdssscccvocccasadevsccvsccsosoosed (14) 
then g(t,,) =2(t,), since x’ (t,)=0. Hence, (13) is equivalent to the inequality 
9(tx)<g(te_,). Consequently, it is sufficient to ascertain that g(t) is a decreas- 
ing function when ¢ varies continuously. But 


dg = 2 (xx! + x'x"" [fy dt + aA (Uf), ..cccsesesrroeresceveces 
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by (14). On the other hand, (3) shows that the expression multiplying dt on 
the right of (15) vanishes identically, i.e. that (15) can be simplified to 


ND ie wis nsis'n cs ecasececessisecorneusaveness (16) 


Since f(t) is supposed to be an increasing function of t, it is clear from (16) 
that g(t) is decreasing. 


A. W. 
CORRESPONDENCE. 
SCHOOL EXAMINATIONS. 


To the Editor of the Mathematical Gazette. 


DEAR Sik,—I read with much interest the discussion on Mathematics in 
School Examinations, 1950, reported in the Mathematical Gazette. Many 
aspects of the difficulties which the new type of examination may cause for 
the schools seem to have been fully discussed there. But there is another 
aspect of it, which affects examiners very closely, on which, so far, little 
seems to have been said. I refer to the proposal to start the examinations in 
May. Most examining bodies have circularised their panels asking for their 
views on this ; and until examiners have had some experience of the new type 
of examination, it is perhaps too early to express strong opinions on the dis- 
advantages of this early start. 

For many of those who teach in Universities and Technical Colleges the 
starting of the examinations in May, which is even earlier than degree 
examinations themselves are now held, cannot be so convenient as the 
present June-July period. It is hoped and expected that examining bodies 
will take due account of this and allow a longer period for marking ;_ but 
this is only a partial solution, since examining, to be done efficiently and 
effectively, needs freedom from all other distractions; and surely only a 
very few fortunate examiners can expect that to be possible in May and 
early June. 

I write thus to you, Sir, in the hope that it may perhaps lead other 
examiners in Mathematics to express their views through the Gazette. 

Il am, Yours, ete., E. G. PHILuIps. 


** ISOSCELES.”’ 
To the Editor of the Mathematical Gazette. 


Srr,—With regard to Mr. FitzRoy Jones’ letter (Gazette, No. 295, p. 163), 
sceles is not the basic part of skeleton, which the Shorter Oxford Dictionary 
says is derived from oxeAerév cGpa, which means a dried-up body. 

I am entirely opposed to giving up the use of the word isosceles. I have 
always found that, even if they have done no Greek, boys are very interested 
when reminded that iso means equal and told that oxéAos is Greek for a leg, 
and when this is illustrated by standing upright with the feet apart. This 
I follow up by telling them that scalene is connected with oxaAnvés, which 
means limping ; this I illustrate by standing with one knee bent as though 
a cripple. If pupils know that isosceles means equal-legged, they easily remem- 
ber that the definition of an isosceles triangle is that it has two sides equal. 

Yours, ete., A. W. Srppons. 


P.S.—The Shorter Oxford Dictionary says scalene comes from late Latin 
scalenus, but it gives oxadnvés as the derivation of scalenohedron. 
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MATHEMATICAL NOTES. 
2037. Some limitations of a symbolism. 
In a recent article* an interesting symbolism was developed for the construc- 
tion of properties associated with the nine-points circle of a triangle. The 
symbolism was developed by taking a triangle ABC and its altitudes AP, 
BQ, CR. The circles AQR, BRP, CPQ and PQR were denoted by a, B, y and 


§. These symbols are to be interpreted as expressions of the form 
x? + y?+ 2gx+ 2fyt+e 


which when equated to zero give the cartesian equations of the circles. 
Symbols for other circles and lines connected with the triangle were derived 
from these. Thus, the symbols for AP and BC are B —- y and 28-B-y. We 
consider an expression as belonging to the symbolism if it involves only 
absolute constants in addition to a, B, y, 5. The shape of the triangle does 
not appear explicitly in the symbolism ; it is involved only by the implicit 
dependence of a, B, y, 5 on it. 

The writer of the article said (p. 268) that he had been unable to find expres- 
sions for the medians. This is not surprising since the work is projective in char- 
acter though the results of the calculations can sometimes be interpreted in 
terms of the metrical concepts, middle points and right angles. The calcula- 
tions in the article did not make direct use of metrical properties ; these were 
oily involved to the extent that the bisectors of the angles between two lines 
are harmonic conjugates with respect to the lines. This observation, however, 
is inadequate to prove that the medians cannot be expressed in the symbolism, 
because the fundamental symbols a, B, y, 6 are not independent. We can, 
however, establish this impossibility without much difficulty. 

We first consider some possibilities of relations among a, B, y, 5. As a foot- 
note (on p. 266) pointed out, the configuration is determined (in two possible 
ways) when two of the circles a, B, y are given; the two configurations are 
reflexions in the line of centres of the two given circles. This suggests a 
quadratic relation between a, B, y. We easily see that such a relation does 
not belong to the symbolism but contains explicit reference to the shape of 
the configuration. By choosing suitable axes we can write 


a=2?+ y*? + 2gr -c¢, 
B=2? + y? + 29’x -¢, 
and it follows that 


~- 29g’ —¢, 


ne 
VC 


_ . 
S=att+y?+(g+g’)e+ Oy +99’, 
vc 
the same square root of c being taken in each case. It can now be verified 
that the expression found by eliminating x, y from the first three equations 
nvolves g, g’, c explicitly. 

We now consider whether there can be a linear relation between a, B, y, 5 
even if the coefficients g, g’, c are allowed to appear explicitly in it. The 
argument for showing that the medians cannot be expressed in the symbolism 
will depend on the impossibility of bringing the shape of the triangle into the 
symbolism by means of the existence of such a linear relation. Obviously any 
linear relation must involve all of a, B, y, 6. The terms of the first degree in 
yshow that it would have to be of the form 


*“ Some properties of the nine-points circle’, by E. A. Maxwell, Math. Gazette, 
XXXI, 266-9. 
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(g9’ + ¢) ¥ — 299’ =Aa + uP. 
Now = (9g + ¢) y — 2998 = (c ~ gg’) (x? + y*) — 299" (g + 9’) x — e( 39g’ + ¢). 
Comparing the coefficients in this with Aa + uB we see that A, » can be found 
only if gg’=0. This, however, is a degenerate case ; it requires two vertices 
of the triangle A BC to coincide, and so is naturally excluded. The geometrical 
meaning of the absence of any linear relation is that a, B, y, 6 do not havea 
common orthogonal circle. 
The symbols for the sides AC, AB, and the altitude AP are respectively 
b=25-y-a, c=25-a-8, p=8-y. 
Suppose, if possible, that the median AD were representable by a symbol 
Aa + vB +Vvy + 7 


with A, pw, v, 7 constants independent of the shape of the triangle. By writing 
this in the form «b+«’ce we should be able to calculate a cross-ratio of the 
lines AB, AC, AD, AP in terms of the ratio «x: x’. Since there is no linear 
relation between a, B, y, 5, this ratio cannot depend on the shape of the 
triangle. This is absurd, and so we conclude that AD cannot be expressed in 
the symbolism. 

Another method of reaching the same conclusion is to re-interpret the 
symbols a, B, y, 5 as conics whose equations all involve the same set of terms 
of the second degree. The configuration which is derived from this re-inter- 
pretation involves a triangle and its medians but not its altitudes, and can 
be used to lead to a similar contradiction. R. Cooper. 

2038. Simultaneous differential equations. 


There is a tendency in textbooks to overstress the analogy between the 
solution of a set of simultaneous differential equations and the solution of 
simultaneous equations in algebra. If 8 is the non-zero determinant of the 
coefficients of the three linear equations 


CME H 6, PH Wy Bad svcrassinccsccsiccsesocniseed (i) 


and if «,, B,, y, are the cofactors of l,, m,, n, in 8, r=1, 2, 3, then multiplying 
the equations (i) by a, a2, «3 respectively, and adding, we find 


5x = aC, + HQlo + aC, 
and similarly dy = Bic, + Paco + Bos, 
82 = y1C, + Yala t Yolo 5 
these values of x, y, z satisfy the simultaneous system (i) since 
8(l,.2+m,y +n,2z)=¢,(a,l, + Byam, + yiN,) 
+ Cq(agl,+ Bym,+yon,) + Ca(axgl, + Bgm, + ysr,) 
=6c,, and 60. 
Performing the analogous operations on the differential equations 
Tet Te I AOR gH By By Op oc ceercnscciedeecescend (ii) 


where u, v, w, X, are functions of x and L,, M,, N, are polynomials in D,, 
r= 1, 2, 3, we obtain the equations : 


4u= AyX1+AX_+ A3sX3; 
Av = py Xt peX gt pgXay pr cccccreecseeeseeeeeeeees (iti) 
4w= vyX, + veX + Vers, J 


where 4 is the determinant [L,M,N,] and i,, u,, v, are the cofactors of 
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L, M,,N,in 4, r=1,2,3. Solutions of these equations, however, are not 
necessarily solutions of the differential equations (ii), for the most that we 
can deduce from the equations (iii) is 


4(Lju+M,v+N,w-X,)=0, 


and so L,w+M,v+N,v—-X, is not necessarily zero. 

The method fails because the algebraic operations are reversible but the 
differential operations are not. Even in the simplest case of a pair of dif- 
ferential equations in two unknowns the analogy with algebraic equations 
breaks down. For instance, if 


Lu+Myp=X,, Lwu+My=X,, 


diminating v we have (L,M,-L,M,)u=M,X,-M,X,, and if u=u is a 
solution of this equation and v=v, satisfies Myv= X,-L,u, then u=u, 
v=Vp may yet fail to satisfy the equation L,u+M,v=X,. In fact, from the 
equations (L,M,- L1,M,)u=M,X,-M,X,, M,w=X,- Ly, (subtracting 
the former from M, times the latter) we obtain 
M (Lu, + Mv, - X.)=0, 

and the equation Lu, +M,v,=X, is not necessarily satisfied. 

De La Vallée Poussin has given a method of solution of simultaneous dif- 
ferential equations by reversible transformations. The initial equations 


Lu+My=X,, LwiMy=X,, 

where the degree of L, does not exceed that of L,, are transformed into 
(Z,-AL,)u+(M,-AM,)v=X,-AX,, LwtiMw=X,, 

where A is chosen so that the degree of LZ, — AL, is less than the degree of L, 
(in fact, we may take A to be the quotient of L, divided by L,). The trans- 
formation is reversed by adding the first (transformed) equation to A times 
the second. By repeating the transformation we reach (in a specifiable 
number of steps) a pair of equations : 

Pwu+Qv=Rk, Qw=R,, (say) 
from the second of which the term in u has been eliminated by the repeated 
transformation. The solution of the resulting system is obvious, and since 
the transformation is reversible, the values of w and v obtained necessarily 
satisfy the original equations. 

The purpose of this note is to indicate an alternative method of solution 
which is often more convenient in application than the foregoing. The method 
sa generalisation of Routh’s method for solving the incomplete system 

Lut+M,v+N,w=0, r=1, 2,3. 

We consider the simultaneous system : 

Lt EOE NN WH Bigg C= Ty By Gyiessscccccsnececswsdvccwes (ii) 
vith non-zero determinant 4=[(Z,M,N;]. A,, »;, v, are the cofactors of 
» M,,N,im4, r=1,2,3 

We transform to three new functions é, n, { by the equations 


U=2,E+Aant+Asl, 
V=piE+ pant psl, 


W=v E+ ven + v3l. 
The system (ii) becomes 


Bed, MtRe Mele intima (iv 
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whence é, n, ¢ and so wv, v, w are immediately determined. 
It is preferable to derive only the particular integrals of u, v, w from the 
equations (iv), for the complementary functions are given directly by Routh’s 
formula: uw=A,0, v=p,0, w=v,0, Jo=0. 
Example. To solve the system 
(3D — l)u+ D¢v+(D- 1)w=e*, 
2D*u + (D+ 2)v + D?w=e**, 
5(D + lhu+ Dv + 2(D+ 1)w=e*. 
We have 4= (I I -* 8 i 
‘fe have 2+ 1)(D+ 2)(D+ 3), . Smee = 
ita a co 
and particular integrals are 
u = (D* + 2D*+ 6D + 4)é —- D*(D + 3)n + (D4 - D?- D+ 2)f 
tie* — fe** + e*, 
v Jse* n Ler : 3; e**, 
w je” + Fe2% — 33 esr, 
The complementary functions are : 
w= Ae~* + Be-* + Ce-**, 
u Ae-* — 16Be—** — 77Ce—**, 
v 4Be-** — 18Ce-*, 


w= 2Ae-* + 32Be—2* + 152Ce—™. 
R. L. Goopster. 

2039. The mixture as before. 

To what familiar problem in elementary arithmetic does the identity 
a(b—c)+b(e-—a)+e(a—6)=0 supply the answer? 

If Indian tea costs a/- per lb. and China tea b/- per lb., what are the pro- 
portions of Indian and China tea in a blend costing c/- per |b.? 

Since each pound of Indian tea costs (c —a)/- less than the mixture, and 
each pound of China costs (b — c)/- more than the mixture, therefore (b — a) lbs. 
of the mixture must contain (b — c) Ibs. of Indian and (c — a) Ibs. of China tea, 
that is to say, 

a(b—c)+b(e—a)=c(b—-a). 
R. L. Goopstew. 

2040. Solutions of quadratic congruences. 

1. Mainly ag the result of Gauss’s Law of Reciprocity it is well known that 
congruences of the form x*?=q (mod p), where q is a small integer whose 
quadratic residues are known, have or have not solutions, when ~p is of certain 
linear forms. In what follows, we attempt to find a formula for the solution, 
when it is known to exist. References are to the first edition of Hardy and 
Wright’s Theory of Numbers. 

2. We first tabulate the easiest examples of the forms of p, corresponding 
to given values of q, such that the congruence has solutions. 


q 1 p=4n+1 (T.N., p. 69) 
qd 2 p=8n+1, 8n+7 (p. 75) 

q= -2 p=8n+1, 8n+3 

qd 3 p=12n+1, 12n+11 

q- 3 p=12n+1, 12n+7 (p. 75) 
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MATHEMATICAL NOTES 


q= 5&6 p=20n+1, 9, 11,19 (p. 78) 
q=-5 p=20n + 1, 9, 3, 7 


3. Hardy and Wright (p. 86) give the solution of the first example. If p is 
of the form 4n + 1, then by Wilson’s Theorem, (4n)!= — 1 (mod p). 
But (4n)!=1.2.3.... 2n. (p—2n)(p—2n+1)... (p—-1) 
= (2n)!( — 1)?" (2n)!. 


Hence the solution of x?= — 1 (mod p) is a= +-(2n)!. 
An alternative solution is as follows. Let « be any non-residue of p; then 
at(P-1) =-] (T7.N., pp. 67, 68), 
1.€. a =-l, 
and the solution of 2#7= — 1 is x= +a". 
Thus to solve x?= — 1 (mod 97) we may either evaluate the residue of 48! 


or, noting that 97 is of the form 20n + 17, so that 5 is not a quadratic residue, 
we evaluate the residue of 5%*. The second is the easier calculation, but it 
would be easier still to set x? = 97K - 1 and by the application of a few moduli 
discover that K = 5 is the first solution. However, the present purpose is the 
establishment of general formulae. In respect of generality the first solution 
is better than the second ; the latter has been introduced because it is on 
similar lines, in what follows, that any success has been achieved with the 
remaining examples. 

4. For quadratic residues other than — 1, the appropriate forms of p include 
the forms 4n + 1 and 4n- 1 equally. There is a simple general solution in all 
cases, if p=4n-—1. For, if g is the known quadratic residue, 


qgi?-1) =1 (T.N., pp. 67, 68), 
ie. gal. 
Hence q@"=4 
=2*, when x= +q”. 
Eg. the solution of x?= — 3 (mod 31) is 
w= +(-3)8= 4+8M2= +19 = +20=F 11. 


5. When we turn to the primes of the form 4n +1 (for quadratic residues 
ther than — 1), no such simple general solution is apparent, but particular 
tases yield to moderate algebraical ingenuity. 


(i) q=2, p=8n+1. 


Let « be any non-residue of p : 


then am= —], 
Thus af” + 2q9? + 1 = 2a, 
and hence (a” + a")? = 2. 


[We may write «-"= K and a/b=c (mod p), where 6 is prime to p, meaning 
Ka" =1 and bc=a.] 


(ii) g=3, p=12n+1. 
If « is a non-residue of p, 


a= —-], te. (a+ 1) (at — 2" + 1)=0. 
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Here we must select a non-residue «, which is not a solution of «2"+1=0. 

Then aft — "+ ]=0, 

(a2” + 1)? = 3a", 
(a + a")? =3. 

K.g. if p= 73, 5 is a non-residue and 5'?=+ - 1, 

The solution of 2? =3 (mod 73) is 

x= +(5¢+ 5-*)= +(3+4)= +(3 - 24) =F 21. 
(ili) g= 5, p=20n +4 1. 


If « is a non-residue of p, then «!°&*+1=0, and if we choose a@ such that 
an 5 ] +- () 
a + , 


af — go 5 44m _ 4M 4 | =(), 
Thus 40°" — 405" + 9at” — 402% + 4= 504", 
ve. (2at™ — go?" + 2)? = Gat”, 

and hence (2a2" + 20-2" — 1)2?=5, 


6. The simple devices used to “‘ complete the square ”’ in § 5 can be arrived 
at logically. The primitive roots of a prime p are those integers of which 
p — 1 consecutive powers have different residues (mod p). They are analogous 
to the (p — 1)th primitive roots of unity. E.g. a primitive 12th root of unity 
is ef7/6-—z (say). (The remaining primitive roots are 2°, 27, z!!, the indices 
being the integers less than and prime to 12.) Now if p=13 we have 4?=} 
and 5?= —1(modp). Replacing, in z, /3 by 4 (or — 4) and i by 5 (or -5 
we obtain a primitive root of 13. 


347i 9 
Thus “ 5 ; 5=11. 


The validity of this process results, of course, from the analogy betwee! 
the laws governing the solution of congruences and of algebraical equations 
If we can establish a linear relation between a quadratic surd and power 
of a (p-— 1)th primitive root of unity, we can deduce a corresponding linear 
congruence between the surd and powers of a primitive root of p. Having 
found the required congruence we can prove it directly, without reference t 
complex numbers. We then find that although it is sufficient for « (as in §5 
to be a primitive root, it is not always necessary ; in fact it may not even 
be necessary that « shall be a non-residue of p. (The primitive roots are all 
non-residues, but the converse is not generally true.) 

To illustrate, let p= 20n +1. A primitive (20n)th root of unity is e#7/1" =: 
(say) : 

zi" + 2-2" = 2 cos 36° = (1+ ./5)/2. 
Replacing z by «, 
/5 = 202 + 2a-2" - 1, 


This relation was obtained in §5 with the restrictions that « must be a non- 
residue of p and «*"=: — 1. These restrictions are less severe than that of being 
& primitive root, if n contains other odd prime factors than 5. But we can, 
in this case, remove the restriction to non-residues, using 
zi” + 2-4 — 2 cog 72° =(./5 — 1)/2, 
to which the corresponding congruence is 
(2a! + Qa-40 4 1) 2 =H 


o =5; 


and this is easily shown to be true of any « for which «?"=1, but af" =: 1. 
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Now, by Fermat's Theorem, «?~!= 1 for all integers « prime to p. 
Thus, to solve x?=5 (mod 61) we may set «=5, the known quadratic 
residue, and deduce 
w= 4+(2.5194+2.5-'+1) 
= +(40+ 75+ 1)= +35= F 26. 


7. The analogy with complex numbers suggests that we shall seek in vain 
for a general method, on the same lines, of solving «?=q (mod p) for any 
prime p of the form 4n+1. The possibility of the construction by ruler-and 
compasses of a regular polygon of n sides, depends in the same way on the 
possibility of expressing the primitive nth roots of unity in terms of quadratic 
surds (7'.N., pp. 57 to 62). It is to be expected, therefore, that the methods 
of §§ 5, 6 will be successful if, and only if, the odd factors of p-1 are the 
“Fermat primes ”’ 3, 5, 17, 257, ete. 

Thus, if @= 22/17 we have (7'.N., pp. 59, 60) 


cos #+ cos 26 + cos 46 + cos 880=(— 1+ ./17)/4, 
from which we deduce that 
17 = {2 (x8 + x8? + 26% + 38% + 4M 4 8M + 16M + 38M) + 1}2 (mod p) 
when p= 68n +1, and this relation is found to be a consequence of «"= 1, 


provided a" +: 1. C. G. PARADINE. 


2041. A simple example of a double series. 


The order of summation of repeated sums can be interchanged without 
altering the sum, if the double series converges absolutely. That this condi- 
tion is not necessary, can be illustrated by the double series : 


1+40+0+0+0+H... 


—-4+3+0+ 040+... 
t+2-28+ 344+ 0+ 0+... 
-4+%3-3+4+0+... 
tie- ietive- wetvet+... 

The sum by rows is 1+0+0+...=1, and by columns 


$+3(8)9+23(8)9+...=§(14+94+5 +...) =1. 
The sum of moduli in every row being 1, the series is not absolutely con- 
vergent. 


The sum by “ squares ”’ is 1+0+0+...=1. 
Summing by “ triangles ’’ (Cauchy-sum) we obtain the partial sums : 
1, 1-4, 1+}, 1-4, 1+%5, 1-33, 1+H.... 
and this sequence oscillates between % and 4. P. VERMES. 
2042. On Note 1882. 
In my note on “‘ Residual types of partitions of zero into four cubes ”’, I had 


remarked that the types 
TEE (0,. 3, 4), 


IV (13, 3), 
and Ex 6 C*. 2.. 8), 
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for which no examples are available, may probably be non-existent. In fact, 
these are impossible cases for the following reasons : 


1. Types III and IV when reduced by 3 imply numbers of the form 3p + |, 
3q + 1, 3r+1 and 3s, the sum of whose cubes can be easily seen to give the 
residue 3 when divided by 9. Hence the sum of the four cubes cannot vanish 


2. Type IX when reduced by 3 gives rise to numbers of the form 3p +2, 
3q + 2, 3r + 2 and 3s, the sum of whose cubes leaves residue 6 when divided by 
9. This sum also cannot therefore vanish. 


We may now state the following theorems : 


I. If the sum of four integral cubes vanishes it is impossible that one of 
them alone is a multiple of 3. 


II. There are only seven residual types of partitions of zero into four cubes, 
viz., 
(02, 1, 5), (0, 1, 2, 3), (1%, 2%), (12, 5%), (1, 2, 4, 5), (1, 3%, 5) and (2, 32, 4). 
N.B.—It may be noted in the above partitions that odd numbers, even 
numbers and multiples of 3 always go in pairs. A.K.§. 


2043. A note on integration. 


We give below what is thought to be a new method for integrating the 
product of two special functions, without using integration by parts. 


If f(x), g(x) be two functions satisfying the relation 
f(a) _ g(a) _, 
f(z) g(a)” 


then it is easily verified that 
\ f(a) g(a) da = {f’ (x) g(a) — f (x) g’ (x)}/k. 


This formula is specially serviceable for the following integrals : 


sinh 
cosh 


sin 


cos bx dex ; 


\ eax bx dx ; | eax 


sin cosh 


| max 


n sin 1 
cos sinh Mae NX aX ; 


nx dx ; we cos 


(sinh sinh 


cosh ™ cosh ™ 4- 


Example. | pax cosh ba dx. 


Put f (2) =e%, g(x) =cosh ba, then 
f*@Misfma=e, ¢g’ ise) =F, 
whence k=a? - B?. 


et r 
2 pa (4 cosh ba — b sinh bz). 
C = 


Hence \eaz cosh bx dz = 
A.K.S. 

2044. Quadratic Factorisations and Equations. 

§1. In Note 1536 of the Mathematical Gazette, October, 1941, Mr. T. H. 
Foster stated that in the factorisation of trinomials involving the search for 4 
pair of factors of a given number whose sum or difference should be another 
given number, failure of any pair of factors gives no guidance for the choice 
of the next pair of. numbers to try. Notes 1607, 1608, Mathematical Gazette 
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(July, 1942) seem to perceive this guidance rather vaguely. In this Note it is 
proposed to show that such guidance exists and may also be made the basis 
of getting approximate rational roots of a quadratic equation, when the roots 
exist and are irrational. 

§2. Let pg=k, a positive constant, and p>q>0. Then since 

(p+q)? -(p-4q)?=4k, 
and p increases as q decreases and wice versa, we find both p+q and p-—q 
increasing as the greater factor increases or the lesser factor decreases. Hence 
we may give the following guidance for increasing or diminishing the lesser 
factor if a given pair of factors fail to give the assigned sum or difference : 
Decrease the lesser factor, if a pair of factors give a lesser sum or difference 
than the assigned one. Increase the lesser factor, if a pair of factors give a 
greater sum or difference than the assigned one. 
Continue the process until you reach the assigned sum or difference or at 
least as close to it as possible. 

For example, consider the quadratic 40x? + 30x - 63. We proceed to con- 
struct a table of factors for 40 x 63, progressively with the help of the above 
principle, starting from any arbitrary pair. Here we require the values of p — q 
and not p +q, and the assigned value of p — q is 30 to which we have to work 
up progressively. 

With p = 63, q= 40, we get p — q= 23, which is less than the assigned number. 
So we decrease the lesser factor 40 to 35, say. The corresponding p — q is now 
31, which exceeds the assigned number.* In the next step, we increase 35 to, 
say, 37-5 ¢ for which the corresponding p — q is 29-7 (see table below). Now, 
7 being as close to 30 as possible, the required value of qg must be very 
near 37-5. We also know that it is greater than 35. If a rational factorisation 
exists, g must be either 36 or 37, for which the corresponding p — q is seen to be 
different from 30. Thus no rational factorisation is possible and we may take 
for our approximation p = 67-2 and q= 37-5. 


TABLE OF VALUES FOR p, q, AND p-q. 


p | 63 | 72 | 67-2 | 70 | 68-1 





| 
q 40 | 35 | 37-5 | 36 | 37 


p-q | 23 | 37 | 20-7 | 34 | 31-1 








The roots of the quadratic, equation 40a? + 302 -—63=0 are read from the 
thove table as approximately 

67-2 37-5 

40°’ 40° 

i.e., — 1-68, 0-93. 

Thus we have outlined a method of solving a quadratic equation without 
extracting square roots. A. K. SRINIVASAN. 
2045. An Algebraic Identity. 


§1. The following identity is an ancient one (perhaps older than most of us 
ilive to-day) which seems to have taxed even Cayley’s intellect, for he com- 
jlained ‘‘ 1 do not know the origin of this identity nor do I see any very simple 


* It is not necessary that the number g should be always an integer. 
t We have chosen 37-5 because it is the arithmetic mean of 40 and 35. 
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way of proving it. That which seems the most straightforward way is to 
transform the third line... .’’ * I venture to record here what I consider 4 
more straightforward proof, in the hope that I might not have been anticipated 
in the remote past. 


Problem: Givena+b+c=x+y+z=0, to prove that 
4(ax 4 by + cz)? — 3(ax + by + cz) (a? + b? + c?) (x? + y? + 2?) — 54abcaryz 
= 2(b-c)(c-a)(a—b)(y—z)(z-ax)(x-y). 


§2. The proof is based on forming the equation whose roots are ax + by + cz, 
ay + bz + ca, az + bu +cy (=t,, ta, ts, say) and recalling the familiar results, 


(i) if a+b+c=0, then ab+ac+be= - }(a? +b? +c*), abe=}(a? +b +e! 
and (ii) (ax + by + cz) (ay + bz + cx) (az + ba + cy) 
xyz (a* + b3 + c3) + abe(a* + y? + 23 + 3ryz) 


+ (a*b + b?c + c?a) (a*y + yz + 22x) + (ab? + be? + ca*) (xy? + y2? + 22%) 


Now, since x+y +2z=0, it is easily seen that 
(x®y + y2z + 22x) + (wy? + yz? + 2x?) = — Bxryz ; 
further, (x?y + y?z + 22x) — (wy? + yz? + zu?) = - (y—z)(z - x) (ay). 
Similarly, since a+ b+c=0, one may write 
(ab + b?c + c?a) + (ab? + be? + ca®) = — 3abe 
and (a*b + b?c + c?a) — (ab? + bc? + ca?) = — (b-c)(c —a)(a—b). 


Thus 9xyzabe + (b — c)(c -— a) (a — b) (y —z)(z-— x) (x -y) 
== {(x?y +...) + (wy? + ...)}{(a2b +...) + (ab? +...)} 
+ {(a?y +...) — (wy? +...)}{(a2b +...) — (ab? +...)} 
= 2 (ary + ...)(@O+ ...) + Z(wy? + ...)(GDP+ .2.)e  ceccccccsecvess (1 
Forming the equation whose roots are t,, tg, ts, 
(¢ — 8,)(8 — &5) (0 — &,) = 8" — PED, + CBR be — Eble =O. ...cccccecccessces (2 
But 2t,=(a+b+c)(r+y+z)=0; 
Xttz= —42t,2= - 4{La*Za? + WabLaxy} = — 3La*Zz?*, 
t tot, = xyzLa* + abc(Xx* + Bxryz) + (a2b +...) (a?9y +...) + (ab? +...) (ay? +...) 
= Sabexyz + fabexyz + Zayzabe + 411(b - c) IT(y —2z), 
*Zbcxyz + 411(b —c) IT(y -2z). 
Since ax + by + cz is a root of equation (2), it follows that 
(ax + by + cz) — 3 (ax + by + cz) (a* + b? + c?) (x? + y? + 2?) 
— *Zabcxyz — 4(b-—c)(c —a)(a — b)(y —z)(z — x) (x - y) =0, 
which is the same as the required result, divided by 4. 


A. A. KRISHNASWAMI AYYANGAR. 

2046. On tracing central conics. 
1. Graphical solutions of quadratic equations are well known,f but no 
attempt has been seriously made to adapt these to the construction of the axes 


* Vide Cayley’s Collected Papers, Vol. XI, pp. 265-7; also, C. Smith’s Algebra 
(1926), p. 198, question 59, where it is meant to be verified by the Remainder Theorem. 
+ See a recent note in Mathematical Gazette, July, 1946, p. 151. 
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and the asymptotes of a central conic whose equation is reduced to the centre 
and takes the form 
ax*® + 2hay + by?=1. 


The following construction fixes the asymptotes and the axes, and provides 
also criteria for distinguishing between a real ellipse, an imaginary ellipse and 
ahyperbola, and in the last case discriminates between the transverse and 
conjugate axes. In the case of the ellipse, the major and minor axes also can 
be easily identified by the construction. 

2. First, we proceed to fix the lines ax? + 2hay + by? =0 by plotting P (0, a) 
and Q(-— 2h, a—b), O being the origin. If the straight line PP’ through P 
parallel to the x-axis cuts the circle on OQ as diameter in L, M, then OL, OM 
are the lines whose equation is ax? + 2hay + by? = 0. 

In the case of the ellipse, PP’ will fail to cut the circle. But the diameter of 
the circle, drawn perpendicular to PP’, will meet the circle in two points, say 
Aand B, giving the positions of the axes as OA, OB. 

Let AB meet PP’ in N. Then it can be shown that AN, BN represent the 
reciprocals of the squares of the semi-axes of the conic, both in sign and 
magnitude, and thus provide the necessary criteria for distinguishing between 
the major and minor axes in the case of an ellipse and the transverse and 
conjugate axes in the case of a hyperbola. 

Incidentally, we deduce that a+b=0 is the condition for a rectangular 
hyperbola, and that, if a > 0, 


tan LOM = 2(h? - ab)t/(a + b).* 
Thus all the fundamental results concerning a pair of straight lines and a 
central conic can be visualised in one figure. 
3. The proof is easily written down in a few lines. The equation of the 
circle on OQ as diameter is 


ROE Sie) aie = BG a viv snes catiscicsiseccoocsscmaninen (i) 
Making (i) homogeneous with y=a, we get 
x fx + 2h(yla)} + yfy + (y/a)( - a +b)}=0, 
whence =e re il eG .. decissncesccnsnewscoucnsavencsnienwas (ii) 


which is the equation of OL, OM, if they exist. 
Again, making (i) homogeneous with the diameter AB whose equation is 
t+h=0, we get the equation of the axes in the form 


u{x + 2h(-a/h)}+yf{y+(-2/h)(-a+b)}=0, 


that is, — 22+ y? + ay(a —b)/h=0, 

rin familiar form, 
r oP xy _ 
PT Weil Waa (111) 


further, we know that, if the square of a semi-axis is p, the equation of the 
axis referred to the centre is 
(= FO) HO oi. ce snsicesis cubuisnsesessenmseten ie (iv) 


This meets the diameter AB, i.e. x +h=0, in (—h, a—1/p) which must be one 
ifthe points A, B; that is, -1/p=NA (or NB). Hence 


a-l/p=a+NA (ora+NB), 
where NA (or NB) is positive or negative according as the direction from N to 


* The other particular cases, a < 0, are left to the reader. 




















40 THE MATHEMATICAL GAZETTE 
A (or B) has the sense of the positive or negative y-axis. For a real ellipse, 
p>0O, and NA, NB are both directed downwards from N in the negative 
direction of the y-axis. If NA< NB, which will certainly be the case if A is 
above B, then NA corresponds to the greater “ p” and therefore OA is the 
major axis in position, while OB is the minor axis (Fig. 1). 
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For an imaginary ellipse, p< 0, NA, NB are both positive and the circle in 
the construction will lie entirely above the straight line PP’ (Fig. 2). In the 
case of a hyperbola, PP’ cuts the circle (i) and NA, NB are in opposite direc- 
tions. It is readily seen that if NA is positive, that is, directed upwards, then 
p is negative and OA is the conjugate axis, while OB is the transverse axis 
(Fig. 3). 
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When the hyperbola is rectangular, 2 LOM = 90°, and the straight line y =a 
passes through the centre {—h, }(a—6)} of the circle (i). Hence a= }(a — b), 
or a+b=0, which is also the condition for ax? + 2hry + by?=0 to represent 
perpendicular lines. 

Lastly, if we denote the centre of the circle (i) by C, we have, when 2 LOM 
is acute, 


tan LOM =tan LCN =LN/CN 
= (CL? - CN?)t/CN 
= 2(h? — ab)t/| a+b], 
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ance CN =the distance of C from PP’ 
=}4|a+b|; 
and CL?=h? + {4(a—b)}? (Fig. 4). 


If we mark the upper end of the diameter AB by the letter A then NA will 
be positive and therefore OB will be the transverse axis and the angle (be- 
tween the asymptotes) containing the hyperbola will be obtuse (or acute) 
acording as B lies in the major (or minor) segment cut off by LM, that is, as 
a+b is positive (or negative). 

Addendum 

I am indebted to Prof. Broadbent for drawing my attention to an article 
by Prof. Neville on *‘ Tracing of Conics”’ in the Mathematical Gazette, January, 
1921, and for sending me a copy of it. Here the author furnishes a very useful 
gneral method for tracing conics which is equivalent to a construction for 
finding several points on a conic given one point on it and two pairs of con- 
jugate diameters in position. There are some limitations in this method on 
account of possible divergent and cyclic sequences (may I add, nearly cyclic 
sequences also) but these can be overcome by using other convenient dia- 
meters. Incidentally, Prof. Neville has given two geometrical methods for 
constructing the straight lines ax? + 2hay+by?=0. One of these methods 
happens to be exactly the same as the one given in my note except for the 
wale factor k, the other construction being an obvious counterpart obtained 
by interchanging the letters in (2, y) and (a, b). My note rediscovers this 
construction and studies in detail the implications in it. The circle which 
passes through the origin and has its centre at {—h, 4(a—6)} is a remarkable 
me, as it supplies almost all the information about the conic ax* + 2hay + by? = 1 
and determines not only the position and lengths of the axes but also their 
character. 

After the publication of my note it will appear less correct to assert ‘‘ that 
the discovery of axes and vertices is not worth a tithe of the labour which it 
demands ’’. In fact, the axes and vertices form the backbone and framework 
nm which any conic should rest and a conie through a multiplicity of points 
which do not include the vertices will be aesthetically unsatisfactory. With a 
simple method now made available for locating the axes and asymptotes when 
they exist and the position of the conic with respect to them, and a device due 
to Prof. Neville for obtaining an ample supply of points on a conic, we have a 
thorough and efficient means for tracing conics quickly and accurately. 

A. A. KRISHNASWAMI AYYANGAR. 

2047. Series of integers. 

The set of relations 

14+2=3; 4+5+6=7+8; 9+10+114+12=13+144+15;... 
smerely a particular case of the general law : 


If the sum of (n +r) consecutive integers is equal to the sum of the next n 
integers, then 


tither (i) r=k*p, 

n= Nkp, where k and p are odd, 
or (ii) r= 2k*p, 

n= Nkp, where N and p are odd. 


Also (iii) for all values of r, such groups of integers can be arranged in k 
series, each series forming a consecutive and unbroken sequence, 
with no upper limit, 
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(iv) the first term, a, of any group, is given by the equation 
2a - 1= p(2N? - k?), if r is odd, 
2a - 1= p(N? - 2k?), if r is even. 
Thus in the example given at the start, r= k = p= 1, and each group starts with 
a perfect square (1?, 2?, 3%, ...). 


Hence, to form a group, or series, which starts with a given integer a, it is 
necessary to solve one, or both, of the indeterminate equations 


p(2N? —-k?)=2a-1, 
or p(N?—- 2k?)=2a-1. 
Since both the equations 2N?-—k?=1, N? -— 2k?=1 
have an infinite number of solutions, there will necessarily be an infinite 
number of series, or groups, starting with any given integer. 
(v) Any series for which p is not equal to 1 can be deduced from a series for 


which p= 1, by multiplying each term in the latter series by p, and inserting 
4(p — 1) integers on either side: e.g. from the series 


1+2=3; 44+5+6=7+8; 
we can deduce the series 
(3+4+5+4+6+7)+(8+9+ 10+ 114 12)=(13+ 144+ 15+ 16417); 
(18 + 19 + 20 + 21 + 22) + (23 + 24 + 25 + 26 + 27) + (28 + 29 + 30 + 31 + 32) 
(33 + 34 + 35 + 36 + 37) + (38 + 39+ 40+ 41442); ete. 


A few examples may illustrate all those points more clearly. 


Ss] 


I. If a=1, then p= 1, and we get 

Ge N=}, &=), c=1,.0=—3, 
whence 1+2=3; 44+5+6=7+8; etce., 
our original example. 

iu) N=3, &=2, r=8, n=6, 
whence 

1424+3+...4 14=154+16+...4+20; 214224+...4+42=43444+...+ 56; 
etc., with which may be associated the series 

9+ 10+114+...+26=27+28+...4+36; 37+ 384+...+62=63+ 644+... + 80, 
etc., since in this series also, k= 2, r=8. 

(ii) N=5, k=7, r= 49, n= 36, 
whence 1+2+...+84=85+ 86+...+119; etce., 
and so on. 

Il. If a= 2, then p must be 3, and if a= 3, p must be 5, and we can deduce 
the series from I by using Law (v). For example, from I (ii) we get 

(24+-344)+(54+6+7)+...+ (41442 +4 43) 
(44+ 45 + 46) +... + (59 + 60+ 61); ete. 


III. Ifa=4, then either p=7 in which case we can deduce the series from I 
by using Law (v) as before, or p=1 and we can solve one or both of the 
equations 


2N?2 — k* = 7, N* — 2k? = 7, 
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whence (N, k)=(2,1) or (4,6) or (8, 11), etc.; 
or (N, k)=(3, 1) or (5,3) or (13, 9), etc.: 
whence we deduce the series 

(i) 44+54+6=7+8; 9+10+11+12=13414+15; etce., 


which is part of our original example [see I (i)], as might be expected, since 
k=p=1, as before. 
(ii) 4+5+6+74+8=94+10+11; 124+134+...4+18=19+20+...4+23; ete. 
(iii) 4+5+6+...448=494+...4+68; 69+...+138=139+...+ 183; ete., 
with which may be associated the four series 
13+14+...4 62= 63+...4 87; 88+...+ 162=163+... 
24+ 25+...4 78= 794+...+108; 109+...+ 188=189+... 
37+ 38+...4 96= 97+...4+131; 132+...4216=217+... 
§2+53+...4+ 116=117+...4+ 156; 157+...+246= 247+... 
since, for each of these series, k= 5 and r= 25. 
(iv) 44+6+...4+36=37+38+...4+51; 52+...4102=—103+...4+ 135; etce., 
with which may be associated the two series 
16+17+...4+54=565+ 66+...475; 764+774+...+132=133+...+171; ete.; 
32 +334 ...4+ 76=77+78+...+103; 104+...+ 166= 167+...+211, 


since, for each of these series, t= 3 and r= 18. 
And so on, indefinitely. 


212; etc.; 
243 ; etc. ; 
276 ; etc. ; 
311; etce., 


+ + 


+ 


Notes. (1) In all the groups which constitute any particular series, the 
values of r, k and —: are all constant and the values of N differ by k (or multiples 
fk) if r is odd, and by 2k (or multiples of 2k) if ris even. Thus in the first 
series given in III (iii), k=5, p=1, r=25, N=4, 9, 14,..., and in the four 
associated series 

DG WO, 603) Cy act Fe RRs OE cans 
This, of course, agrees with Law (iii). 

(2) It is, of course, also possible to form an unbroken series in which 7, k and 
pare not constant, by joining up groups from different series. For example, 
we can start, as in I (i), 

1+2=3, 
and continue with 4+54+64+74+8=9+10+11, 


as in IT (ii), proceed with any group whose first term is 12, and so on. 
D. F. Ferauson. 
2048. A single scale nomogram. 
A cubic in the standard form 2'+ar+b=0 


may be solved graphically by means of the graph y=2* and the appropriate 
straight line. The sum of the roots of this cubic is zero. Hence, if we take a 
scale whose shape is that of the curve y=2*, graduated according to its 
z-coordinates, we have an addition and subtraction nomogram. To add two 
numbers, align two readings on the same “ half ’’ of the scale, and read off the 
third intersection. For subtraction, one number must be taken from each 
half’. 

The nomogram may be converted to do all slide-rule operations, for example, 
with a logarithmic scale multiplication and division may be performed. 
R. K. Guy. 
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REVIEWS. 

Lezioni di Geometria Moderna. I. Fondamenti di Geometria sopra un Corpo 
Qualsiasi. By B. Secre. Pp. iv, 195. L. 1200. 1948. (Zanichelli, Bologna) 

The receipt, for the first time since the war, of a book for review in the 
Mathematical Gazette from the house of Zanichelli is a very welcome event, 
and the subject of Professor Segre’s volume makes the occasion one of special 
importance for mathematics. 

Perhaps the most significant thing about this book is the fact that Professor 
Segre, as representing the Italian school of geometry, should have decided 
to write it at all, and the fact that he has done so will have a marked influence 
on those geometers who have felt some uncertainty as to the direction in 
which geometry is likely to develop. The move made in several quarters to 
re-formulate geometry (using the term in the sense usually given to it in this 
country) on an algebraic basis has until now met with little response in 
Italy, to which country many of our geometers turn for guidance, and the 
appearance of a work from that quarter which adopts a purely algebraic 
approach will without doubt encourage many who have so far hesitated to 
venture into new fields. 

The present work is the first of three volumes to be devoted to the study 
of geometry over any algebraic field (not always commutative), and deals 
with the foundations of the theory. Nearly half the volume is devoted to an 
account of the theory of fields, and includes an account of the main properties 
of finite fields as far as they concern a geometer. The second part of the 
volume deals with the foundations of geometry over a field K, and analyses 
in some detail the relation between graphical spaces (spaces def'ned by certain 
properties of incidence) and linear spaces defined over fields, and the volume 
ends with some geometrical theorems on linear spaces, of the type familiar 
in classical geometry, which are, however, valid over any field. 

The reader of this notice will no doubt be struck by the similarity between 
this account of the contents of the present volume and the contents of the 
first volume of Methods of Algebraic Geometry recently published by the 
reviewer and Dr. Pedoe. There is the same general arrangement—one half 
dealing with properties of fields, and the other with the foundations of geo- 
metry over a field ; and indeed there are places where the two works challenge 
direct comparison (particularly where they deal with graphical spaces). How- 
ever, viewed as a whole, the two volumes are complementary rather than 
repetitions of each other, and the only fear which the reviewer feels when he 
compares Professor Segre’s work with his own is that a geometer who turns 
to the two volumes for guidance in recent developments in geometry may be 
disheartened to find how diverse are the ways open to the modern develop- 
ment of his subject. The essential difference between the two volumes lies 
in the fact that Professor Segre’s work is designed to lay the foundations of 
geometry over any field, while the purpose of the Methods is to use the 
resources of modern algebra for the study of geometry over a field of charac- 
teristic zero, where geometry is, at least in form, similar to the classical geo- 
metry over the field of complex numbers. Thus Professor Segre’s volume is 
more general, while the Methods, by confining itself to fields of characteristic 
zero (and also because it is a longer work) is able to get further in certain 
directions, for instance in the theory of collineations and correlations. 

No one will be surprised to learn that Professor Segre, having decided to 
depart from the traditional approach to geometry of the Italian school, has 
done the job magnificently. The algebraic section is all that can be desired. 
The account of the properties of fields is straightforward and businesslike, 
and provides a satisfactory but not fussy account of the properties of finite 
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fields, including a proof.of Wedderburn’s theorem on the commutativity of 
fnite fields. The geometrical section begins with a definition of a space over 
any field, and an account of its properties. Here the most noteworthy feature 
is the avoidance of the use of matrices, necessary because no preliminary 
account of matrix theory over a non-commutative field is given, but the 
geometry in itself effectively gives such a theory. Then follows an account 
of graphical spaces, and in this particular emphasis is placed on the role of 
Fano’s axiom, that any line contains at least three points, in the theory. A 
novel idea—the cross-ratio of four points in a space over a non-commutative 
field—is examined in some detail. It is an extremely ingenious concept, but 
it is not yet clear how useful the idea will prove. The account of the theory 
of collineations is restricted to ‘‘ general ”’ collineations, but to make up for 
this there are some extremely interesting properties valid in the case of char- 
acteristic two which are treated in some detail. There are many other 
interesting features, too numerous for individual mention, but the main 
| recommendation of the book lies in the fact that taken as a whole it provides 
 aclear account of the foundations of geometry over any field. The book is likely 
' to become a classic on this account, and it can be strongly recommended to 

all who seek an authoritative account of the subject. W. V. D. Hopce. 





Substitutional Analysis. By D. EK. RurHerrorp. Pp. xi, 103. 25s. 1948. 
Edinburgh University Press ; Oliver & Boyd) 

About the turn of the century a major development in mathematics was 
initiated, the importance of which has been, and still is, slow to be recognised. 
Two mathematicians, working at first independently and on slightly different 
lines, share the credit for this initiation. Frobenius in Germany originated 
the theory of group characters and matrix representation of groups, while 
Young in England commenced his work on substitutional analysis which is 
in essence part of the same domain of mathematics. Though there was some 
overlap in the results obtained, and théugh in later periods each made use 
of the results of the other, yet their works were from the start and remained 
throughout essentially complementary. 

Frobenius had an apt pupil in Schur, who simplified and extended his work, 
bringing some notice to the theory. In England Young worked alone, a 
loneliness which was accentuated by the gap of twenty-five years between 
his own second and third papers. But so significant were they, that his 
recognition by election to the Royal Society in 1934 might well have been 
given a quarter of a century earlier. 

Young, working on invariant-theory, was led in his examination of the 
symbolic factors employed, to an analysis which led to matrix representations 
of the symmetric group. Three distinct representations of the general sym- 
metric group were obtained, the natural, the semi-normal and the orthogonal. 
The applications to invariant-theory were powerful. His skill in the mani- 
pulation of the substitutional operators was phenomenal. 

A defect of style no doubt contributed to the comparative neglect of his 
important work: his papers were extremely difficult to read. The more 
thanks are therefore due to Dr. Rutherford, who gives in this book a particu- 
larly lucid and readable account of Young’s work, at least in so far as the 
fundamental theory is concerned. It is meticulously detailed in the earlier 
chapters, so that the novice may easily find his feet. 

While the results are essentially, though not entirely, those of Young, the 
arrangement and ordering of them has been completely overhauled, which 
not only makes the work much easier to follow, but renders possible consider- 
able. improvement and simplification of the proofs, and many of those given 
are original. The viewpoint is still essentially that of Young. 
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One wonders whether it would not have been worth while to have deviated! 
still further by including in the earlier chapters some of Frobenius’ simpler! 
work on group algebras. With a knowledge of this the significance of the 
work of Young would be more readily appreciated, while several of the proofs 
could have been still further simplified and improved. 

Nevertheless the book fills a long-felt want, presenting in a palatable form 
to the mathematical world fundamental work which has lain too long dusty 
on the shelf. To the young mathematician it presents a fresh door to a vast 
and rich field for research. D. E. LirrLewoop, 

| 


Rings and Ideals. By N. H. McCoy. Pp. xii, 216. 1948. Carus Mathe. 
matical Monographs, No. 8. (Mathematical Association of America) 

Abstract Algebra has, in the present century, developed to such an extent 
that it must now be regarded as one of the major mathematical disciplines. 
Its concise and terse formulation, especially as practised by its American 
exponents, contributes greatly to the power of its methods and the beauties 
of its generalities, but its very abstraction renders its theorems and arguments 
difficult to grasp by the non-specialist. 

Those who have struggled and wrestled with some of the more abstract 
presentations of the Theory of Rings, which have recently appeared, will 
especially appreciate the delightfully easy style of Professor McCoy’s latest 
volume. It will be a welcome addition to personal as well as public mathe- 
matical libraries. Its lucid style shows the author to be a master of exposi- 
tion. He clarifies his subjects by citing numerous illustrations taken from 
Elementary Algebra and the Theory of Numbers, and he accomplishes this 
in so masterly a fashion that it is difficult for the conscientious reader not to 
grasp the salient features of this fascinating subject. This is high praise, but, 
in the reviewer’s opinion, this book merits such. 

Although this little book is in no way encyclopaedic, it does take the reader 
from the initial definitions almost to the very frontiers of current research, 
for it embodies many proofs first published within the present decade. In 
the space at the author’s disposal, completeness is out of the question, and 
such topics as Vector Spaces, Representation Theory, Chain Conditions and | 
Structure are touched upon very lightly or not at all. Nevertheless, in 4} 
space of two hundred pages, the author gives a very clear account of a wide} 
variety of topics. Occasionally the author avoids undue complexity by prov- | 
ing only restricted forms of more general theorems. Most readers will find | 
this a decided advantage, and in any case appropriate references and advice | 
for further reading are provided for those who might think otherwise. 

One regrets a little the omission of the names of Fermat and Wilson on 
p- 73, and thoge of Cayley and Hamilton on p. 165; for although the results 
stated are somewhat more general than those of the authors mentioned, con- | 
necting links of this sort with previous results provide historical continuity 
and serve as an aid to the general reader. 

The book is finely printed and appears remarkably free from misprints. 


ae 





It certainly achieves all that Mrs. Carus and her son, the initiators of the }) 


series of Carus Mathematical Monographs, could have desired. 

On reading the bibliography included at the end of the book, one is tempted 
to comment on the absence of British workers in this realm of algebra. Why 
is it that such topics, which are commonly taught to undergraduates in Con- |) 
tinental and in some American Universities, are in Britain almost completely 
ignored ? 

The following brief summary of the contents of this book indicates the 
wealth of material to be found there : 

Chapters 1-3 include definitions, the fundamental properties and some 
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illustrations of rings, division rings, fields, Galois fields, polynomial rings, 
ideals, principal ideals, residue class rings, homomorphisms and _ isomor- 
phisms. 

Chapter 4 is devoted to imbedding theorems such as the familiar one 
that if F is a field and f(x) an element of the polynomial ring F'[x], there 
exists a field F’ containing F’ such that f(x) is the product of linear factors in 
F’{z]. 

Chapter 5 introduces prime ideals, the radical of an ideal and Zorn’s maxi- 
mum principle. This last is stated as an axiom. 

Chapter 6 deals with direct sums and also the more difficult concepts of 
subdirect sums and the Jacobson radical. 

Chapter 7 introduces Boolean rings which have the property that every 
element is idempotent, and it indicates the relationship between this subject 
and the Algebra of Logic. The generalisation to p-rings is also mentioned. 

Chapter 8 treats matrix rings whose elements belong to an arbitrary ring. 
The necessary modifications in ordinary matrix theory, consequent on the 
possible presence of divisors of zero and the absence of inverses, makes an 
interesting study of importance to geometers interested in matrices whose 
elements are integers. 

Chapter 9, which is concerned with commutative rings only, deals briefly 
with primary ideals, short representations, ascending chain conditions and 
Noetherian rings. The chapter and book conclude with some applications 
of the theory of algebraic manifolds to the study of algebraic geometry. 


D. E. R. 


Regular Polytopes. By H. S. M. Coxerrer. Pp. xx, 324. 50s. 1948. 
(Methuen) 

Those who have read the chapter on Polyhedra in the revised edition of Rouse 
Ball’s Mathematical Recreations and Essays will need no introduction to the 
author or his subject. Indeed, the book has been long awaited, and those 
who have ordered it, undaunted by the price, will have found that it has 
been worth the waiting. The mark of a great musical composition is the 
continual renewing and heightening of the brilliance and inspiration of its 
opening bars. It is also one of the marks of this book, though fewer may 
appreciate it in the more esoteric mathematical medium. The author oblig- 
ingly introduces us to a new notation for his “‘ music of the spheres ”’, and 
the reader is invited to sample its potentialities on p. 283 at the climax of a 
long and fascinating development. 

The book opens with a short account of the properties of the regular 
polygon, expressed in a notation which lends itself to later generalisation. 
(In passing, the author has a passion for generalisation, even if there are in 
fact only five or six applicable cases. Who else would define a tetrahedron 
0123 by saying that the edge 7 is of length /(j — 7), if i<j?) We then meet 
the five Platonic solids, and the important concept of a graph which may in 
particular be a tree. This idea is used immediately in von Staudt’s proof of 
Euler’s formula, but no doubt the choice of this particular proof was influ- 
enced by its later development. Chapter II introduces the quasi-regular 


polyhedra =) (octahedron, cuboctahedron, icosidodecahedron) common to 
{p,q} and its reciprocal {q, p}. These have equatorial regular polygons {h}, 
where cos?z/h = cos? 2/p + cos? m/g. h is also the number of sides of a certain 
skew polygon formed of edges of {p,q} and named (after J. F. Petrie) the 
Petrie polygon. The number h is itself important enough to deserve a name. 
Why not the ‘‘ Petrie number ’’? Metrical properties of {p, q} are then com- 
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puted in terms of p,q, and. The rhombic dodecahedron and triacontahedron} T! 


; { p) f p. | 
appear as reciprocals of 4 P and as an introduction to the general zonohedron, > i+ 
\q) gh agd 


which later figures as an orthogonal projection of the general measure-polytope The 





y, (hypercube). able 

Chapter III] gives a brief introduction to the theory of congruent. trans. the 
formations and polyhedral groups. These are identified with their isomorphic | —™ 
permutation-groups with the aid of a system of indexing of vertices based on cha 
the regular compounds. All these figures are illustrated in Plates 1-III. 1 
Chapter LV is devoted to plane and spherical tessellations, and the analogous sche 


’ 


three-dimensional ‘* honeycombs ”’ (patterns filling space). atta 

Chapter V occupies a key place in the book with its analysis of groups but 
generated by reflections. Every such group is shown to be capable of genera: ¢ ” 
tion by reflections in the walls of a fundamental region, which can be repre- ill 
sented by a graph, the nodes of which represent its walls and the branches | * 
the angles between them. The complete symmetry group of {p, q} is seen to mat 
have as fundamental region *7~*-g*; 7.e. three planes meeting at angles z/p, den 


é ; : a the 
m/q, 7/2 (the last being represented by the unconnected pair of nodes). The this 
vertices of {p, q} are the transforms of a point on the angle z/q ;_ this is denoted a 
by °p°g?: The connection with the Schlafli symbol is now plain : {q, p} is fi 


Poi 
hav 
is 


; Pp ‘ 
>? 7? and {P\ is <. Further, the product of reflections in the walls of (3, 
las q 


the region is a rotary-reflection of period h which carries each side of the 
Petrie polygon into the next. A most elegant and pleasing chapter. \y 
' ; , . ° . ' mr + , Agt 
Chapter VI is a digression on Star-polyhedra. The four Kepler-Poinsot | “® 


. . . . . . (3 
solids are obtained by stellating and faceting ; the quasi-regular 15f and 
(3) Sie ae 
4 3/ are introduced together with their reciprocals ; finally it is proved in} 
| 


three ways that there are no more regular polyhedra and no regular star-| ten 
tessellations. 

The rest of the book is devoted to four or more dimensions. Chapter VII of 
enumerates the possible regular polytopes (‘‘ polytope is the general term of 
the sequence point, segment, polygon, polyhedron,...”) and Chapter VIII 
constructs them: a,, the general simplex, B,, the ‘‘ cross-polytope ”’, y,,, the 
*“ measure-polytope ’’ or hypercube, 6,,,, the honeycomb of y,’s; and, in On 
addition, the four-dimensional polytopes {3, 4, 3}, {3, 3, 5}, {5, 3, 3}, and 
honeycombs {3, 3, 4, 3} and {3, 4, 3,3}. Chapters IX and X are strictly } e 
digressions ; the former is wholly concerned with Poincaré’s proof of Euler's 


. . . . . ae . dia 

formula in n dimensions, and the latter with results on quadratic forms which tk 
: = ae “ gg ‘ 8 . she 

are required in Chapter XI. This and Chapter XII between them generalise * 


the contents of Chapter V, and are full of neat work, mostly original, culminat-| ~ 
ing in the remarkable formula 16h/g = 6/(hy,q + 2) 4 6/(hg,- + 2) + If[p+ ijr-2 * 
for the order g of the complete symmetry-group of the polytope {p, q, 7}: ” 
The author, who we realise throughout is a very human being, cannot resist 


; - “<a = 5 ‘ cla 
adding a footnote on p. 219: “ This is perhaps the neatest trick in the whole | i 
” ‘: r . . . . dil 
chapter! Finally Chapter XIII deals with sections and projections of| m 
n-dimensional polytopes, an involved discussion rather unduly compressed, | ad 
but probably because it is not regarded by the author as being of great intrinsic 
: : - “state, ? ; “| MU 
importance. Chapter XIV generalises Chapter VI to give a complete dis- th 
cussion of regular Star-polytopes and compounds in four and more dimensions. ‘a 
Tables of the polytopes and their properties, Bibliography and Index, com- 
yto] & ; m 


plete the book. 
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The style is lucid and agreeable. There are occasional ‘*‘ asides’: e.g. on 
p. 143 in connection with the neglect of Schlifli’s published work, ‘* perhaps 
it was just because they were ahead of their time, like the art of van Gogh ”’. 
These are again very human and wholly delightful. Two particularly valu- 
able features are the paragraphs at the beginning of each chapter outlining 
the contents of what is to come—a kind of hors d’a@uvres to whet the appetite 
—and the historical summaries and biographical notes which bring each 
chapter to a close. 

The dust-cover tells us that ‘‘ to understand the book requires only high- 
school mathematics ’’. One suspects that this considerably overestimates the 
attainment of the average high-school. To be sure, the book is self-contained, 
but many steps are taken with which no high-school student could be expected 
to be familiar. On p. 118 it definitely presupposes a knowledge of Sommer- 
ville’s Geometry of n Dimensions. There are a few places where results are 
set down without any reasoning being given. An author, writing for mathe- 
maticians, is at liberty to imply ‘“ you must take my word for it” if a full 
demonstration would be tedious, but only if the reader feels he could supply 
the intermediate steps. There are two major and a few minor cases where 
this is not so, at any rate as far as the reviewer is concerned. One is the 
important proof that Jordan’s equation 1 + cos 27/p + cos 22/q¢ + cos 2x/r=0 
has as rational solutions in p, q, 7, only the permutations of (3, 3,4) and 
(3,5, 5/2). If it was thought worth-while to devote a whole chapter to 
Poincaré’s proof of Euler’s Theorem, one would have thought space could 
have been devoted to outlining the method of proof of this result. Another 
is the list of Euclidean simplexes which appears from nowhere in § 11-4. 
Again, on p. 135 it is baldly stated that 


i l 1 1 /n- " l * 3 n+] 
4 (” ) + 2 2 ~ 4 3 +... Qn ° 


To Prof. Coxeter this is no doubt trivial, but at least one of his readers was 
temporarily puzzled until he considered the coefficient of #” in the expansion 


I ail ie ‘ . 
of 5 {1 t 3 } (1— }x)-*. This fact could easily have been supplied to 
x x 
help the reader over the stile. 
I have noted very few misprints. On p. 132, equation 7:64: N,=9»,9,7/2g;- 
On p. 160 the first continued fraction should begin —— - In Table I, 


1, 1) 

p. 293, the dihedral angle of the icosahedron is nearer 138° 11’ than 138° 12’. 

Printing and production are excellent. The book is lavishly furnished with 
diagrams and half-tone plates, many of which are of great beauty. One of 
the most attractive is the projection of the great dodecahedron printed in 
six colours on the dust-cover, which deserves—and in the reviewer's case, 
with the help of paste, has obtained—a permanent place in the book. The 
plates of P. 8S. Donchian’s models of projections of four-dimensional polytopes 
are very fine. No doubt the models themselves are the “ portraits ’? Donchian 
claims them to be, and “ help to remove the mystery from a seemingly com- 
plicated subject ”’ (p. 243), but the two-dimensional plates, one stage further 
removed from the polytopes, are a rather unintelligible network of lines. In 
addition, in the review copy, Plates VII and VIII are crossed by a large 
number of dark ‘‘ telegraph-wires ”’ visible by reflected light, which impairs 
their clarity. But one is left marvelling at the geometrical intuition and the 
superb craftsmanship of the Armenian rug-merchant of Hartford, one of the 
most interesting of the many interesting characters to be met in the pages of 
this book. H. Martyn Cunpy. 
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Finite Differences, and Difference Equations in the Real Domain. By 
TOMLINSON Fort. Pp. vii, 251. 25s. 1948. (Oxford University Press) 

This textbook differs in several respects from the extant treatises, com./ 
paratively few in number, on the subject. How few these are is indicated in 
the list of ‘‘ Books for Parallel Reading ”’ given at the end ; of recent ones, 
only those of Nérlund, Milne-Thomson and Ch. Jordan, and of Steffensen on 
Interpolation, are current. 

The restriction of the variable to the real domain is a limitation, for it} 
removes from consideration all that portion of theory which, in other treatises, 
is devoted to infinite series in factorial polynomials, direct or inverse, half. | 
planes of convergence, comparison with Dirichlet series, and so on. In place 
of this, the last quarter of the book is devoted to the theory of linear difference 
equations of first and second order with periodic coefficients ; and it is this 
that gives an element of novelty and value to the book. Much of this section 
was unfamiliar in detail, and very interesting, to the present reviewer. But} 
indeed the whole second half (pp. 115-247) is valuable in the way in which 
it supplements the corresponding chapters in, let us say, Milne-Thomson’s 
treatise. 

The first half of the book, devoted as it is to interpolation and numerical 
integration, is more on the accepted and conventional lines, though the onus 
of proving the theorems is sometimes thrown on the reader himself ; yet even} 
here a freshness is felt. For example, the introduction of the Hermite inter. | 
polation formula (p. 87), with its application to numerical integration (pp. 107, | 
111), is new; and information is given that some of the n abscissae x; in 
Tchebycheff’s formula for numerical integration with equal weights, for n >9, 
may be imaginary. 

The book is easy to read, informative in its second half, and a valuable 
addition to the scanty list of works on the calculus of finite differences. 

A.C. A. 





Operational Methods in Applied Mathematics. By H.S. Carsiaw and J.C. 
JAEGER. 2nd edition. Pp. xvi, 359. 20s. 1948. (Oxford University Press) 





Although it is but seven years since this book first appeared, it has in the 
meantime undergone several reprints and has now manifested itself in a con- 
siderably enlarged form. This popularity is well-deserved, for in spite of 
many works bearing similar titles, published before or since 1941, it continues 
to be one of the very few in which theory and practice are blended in a manner 
satisfactory to a wide range of students of applied mathematics. 

Chapters I-X reappear, except for minor alterations and corrections, in} 
their original, form, and are followed by no less than five additional chapters 
occupying a further hundred pages. Chapter XI, on Impulsive Functions, is 
an extended version of the old Appendix III and provides inter alia a fuller 
and more rigorous explanation of the failure of the correct solutions of certain 
types of circuit equations to satisfy the initial conditions prescribed for them. 


In the next chapter the authors discuss further general theorems concerned | 


with the Laplace transformation (which acquired a new significance in mathe: | 
matical physics during the war years) and their relationship to Fourier's 
integral. Chapter XIII deals with solutions of equations in forms suitable 
for small and large values of the time, and this is followed by a very valuable’ 
chapter entitled ‘“‘ Chains of Differential Equations ’’, devoted to the mathe- 
matical analysis of the various types of filter-circuits and allied electrical net- 
works. Boundary value problems for ordinary differential equations form 
the subject-matter of the last chapter, which more than replaces the original 
Appendix IV. 
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ain. Byf' The authors have continued their excellent policy of providing a large 
wee; ‘number of illustrative examples and problems worked out in full in the text, 





ses, com.) and the new edition, which bears only the merest traces of present-day 
licated in} austerity, is likely to remain for some time to come the best book of its kind 
vent ones,§ on “ operational ’? methods treated from a “‘ non-operational ”’ standpoint. 

fensen / J. a. P. 


on, for it) Elementary Calculus and Coordinate Geometry. I. By C. G. NoOBBS. 
treatises,) Pp. 255. 12s. 6d. 1948. (Oxford University Press) 
rse, half.) This book by the Senior Mathematics Master at City of London School “ is 
In place) based on the belief that it is desirable to round off the ordinary school mathe- 
difference matics course with an introduction to the chief methods of the Calculus ”’. 
it is this, It covers very adequately indeed the calculus syllabuses of the various School 
is section | Certificate examinations, and the coordinate geometry syllabuses rather less 
ver. But) adequately. The inductive method is followed throughout the book, generalisa- 
in which’ tions being given only after detailed examination of numerous particular 
‘homson’s} cases—an excellent method in itself, and certainly the right one for the non- 
' specialist boy. The future specialist might perhaps find that the author 

numerical; moves too slowly for him, though he could profitably begin the study 
the onus} of calculus (with the help of this book) rather earlier than usual. 

yet even} Chapter I is devoted to coordinate geometry. Coordinates are explained, 
lite inter-| gradient (of a line) is defined, the distance, mid-point (but not ratio) formulae 
| (pp. 107,| are obtained, and the reader is shown how to find the equation of a straight 
ssae x; in| line from given data. It is obviously the author’s intention to encourage the 
for n>9,} beginner to find his straight line equation from first principles, with the help 
of simple diagrams, rather than by substituting numbers in a formula. The 
valuable} circle is quite simply treated and an opportunity is given for the reader to 
ces. meet the parabola, ellipse and hyperbola. Towards the end of the chapter, 

A.C. A.) tangent is carefully defined. Here, I think, an opportunity is missed. For 
the purposes of Exs. I. T. the tangent to a circle is a line at right angles to a 
and J. ¢.} Tadius; it would surely inspire confidence in the limit definition of tangent 
to show (as in many geometry books) that it gives “ the right answer ”’ for 
the circle too. 

The chapter, and indeed the book as a whole, is packed with examples for 


ee 





ity Press) 
1as in the 


. cas the reader to work, of various degrees of difficulty (but most carefully graded), 
the. ncaa and many of them interesting and stimulating. Among the topics raised in 


the examples of the first chapter, for instance, are looping the loop, the game 
of Battleships, the National Grid (map supplied) and Lattices (applied to 
billiards). 

Chapter 2 is primarily concerned with finding the gradient of a curve, 
defined as the gradient of the tangent, and the reader is led gently on to the 
rule for writing down what the author calls ‘‘ the gradient function ”’ of 
functions of the type Zax". No calculus notation is used. Speed-time 
problems are dealt with by way of illustration, some simple curve-sketching 
is introduced, and to conclude the chapter the problem of finding the family 
of curves with given ‘‘ gradient-function ” is considered : the formula for the 
integral of x" is not given here, nor, indeed, anywhere in the book. In a new 
edition I should like the wording of Exs. 2 G, Nos. 3, 4 and 8 modified slightly 
80 as to remove the impression that data consistent with the assumption of 


a manner 


ations, in} 
chapters 
ictions, 18 
a a fuller 
of certain 
for them. 
oncerned | 
n mathe: | 
Fourier’s 
- suitable 


‘ 


— constant velocity necessarily imply it (cf. Exs. 2 Y, No. 52). 
. “ey he _Chapter 3, ‘‘ Notation and Applications”, introduces 5a and dy for the 
se aaa first time, goes on to define the differential dy, and points out that dy/dx 


(which is not called the differential coefficient) is a convenient notation for 
‘the gradient function”. The pupil who works out Exs. 3 B should realise 
quite clearly that 5y and dy denote different quantities. A section on small 


) original 
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errors is given, and maxima and minima are treated in detail. The notation} VIL 
d*y/dx* is introduced for “‘ the gradient of the gradient function ’’ ; I should? VIII 
have preferred some indication to be given of the meanings to be attached> IX. 
to d*y and dx* taken separately, rather than the phrase “‘ it is not convenient 
or necessary to explain here...”’. And I should not agree that the d*y/dr'— X. 
test for distinguishing maxima and minima is usually easier than considera- 
tion of the sign of dy/dx, though in the simplest cases the author is doubtless 
right. A paragraph on differential equations ends the chapter. Or 

Chapter 4 is very brief, and shows how the area under a curve can be found) °°" 
by solving the equation dA/dx=y. Integration as summation is left for} Y®" 
Chapter 5, where it receives a very thorough and lucid treatment, with the Th 
usual applications to areas, volumes, centres of gravity and mean values. In Appl 
every case, the problems used to illustrate the summation method are first The 
solved “ intuitively ”, that is, by writing, for example, V = Jrytda = {ry*dz, auth 
the solution then being justified by proving (in this case) that dV /dx = my*;) PY 
and by thus proving that the intuitive method is always right, the pupil with 
should quickly acquire confidence in integration (as summation). The} “0S 
chapter is carefully arranged so that its harder parts can be omitted if so} DU 
desired. and | 

No functions of a function appear in Part I and parameters are not | in th 
mentioned. } and 

The book deserves to be widely used, for it succeeds in its chief aim, which woul 
is to provide a readable and intelligible account of elementary calculus} % it* 
processes for the ordinary boy, who, I am certain, would be far better em. with 
ployed in reading such a book than in simplifying harder algebra fractions} ‘2 
and in finding how long it would take to fill the bath.... He would learn, solve 
too, that mathematics can be applied to many real problems, no hint to the of fo 
solution of which is given in the ordinary school course. The book is whic 








excellently printed and attractively bound. R. way vert 
i wy é 

1. An Advanced Course in Algebra. Pp. xv, 394. $1.35. 1947. —- 

e C 

2. Plane Trigonometry and Statics. Pp. xii, 427. $1.65. 1946. By NJ oy, p 
MILLER and R. E. K. Rourke. (Macmillan Co., Canada) | book 


In a review of the Proceedings of the First Canadian Mathematical Congress} from 
in No. 297 of the Gazette, the Editor pointed out that the work of the Mathe-’ metr 
matical Association was evidently not sufficiently well known in Canada, and_ plent 
suggested that some collaboration with teachers there was desirable. Since 
then, Professors Miller and Broadbent have corresponded, and copies of some Ex 
of the Reports of our Teaching Committee have been sent to the former ; he, Pp. | 
in return, has sent the Association (through his publishers) copies of two qy 
books used in the senior grade of Canadian High Schools, brief accounts of fo, 
which are given here for comparison with our own textbooks. are | 

In the algebra book, emphasis is everywhere placed upon the concept of 7} 
function, and some idea of the ground covered can be obtained from the the ; 


following list of contents : year 
I. Functions. [The 

II. The linear function and applications. = acce’ 
III. Quadratic functions and equations. (Complex numbers are briefly book 
treated in this chapter, and more fully in an Appendix.) Rob: 


IV. Polynomials and algebraic equations. (A few theorems from the angl 
theory of equations are obtained, and synthetic division is applied to of tl 





the finding of approximate roots.) g mere 
V. Rational functions of one or more variables, ratio and proportion. | adit 
VI. Series of numbers. Progressions. tions 
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notation) VII. Permutations and combinations. 
I should? VIII. Induction. 
attached> IX. Binomial theorem. (The theorem for expanding (1 +2)" when n is not 


nvenient a positive integer is stated without proof, and applied to problems.) 
> d?y/dx:} +X. Mathematics of investment. (Geometric progressions are applied to 
msidera- problems of compound interest, annuities, mortgages, and so on.) 
loubtless 


One could fairly say, I think, that the mathematics specialist in this 
be found) country would have covered the groundwork of this book not later than one 
left fort Yea" after School Certificate. 
with te The other book is divided into three distinct sections. Part A, called 
lues. In} Applied Trigonometry, is primarily concerned with the solution of triangles. 
are first) 1he Sine and cosine formulae are first obtained and used, after which the 
= fnytdr, authors prove (geometrically) the half-angle formulae and illustrate their 
ae “ay? convenience for logarithmic work. Part B, Analytical Trigonometry, deals 
he pupil with identities, with the sum and product formulae and with inverse func- 
1). ‘The tions. Parts A and B cover much the same ground as (for instance) does 
Durell and Wright’s Elementary Trigonometry. Part C is devoted to statics 
and would be found adequate for the Additional Mathematics examinations 
are not? 2 this country, but no more. We should consider it strange to find statics 
| and trigonometry in the same book, and I am not sure that our teachers 

| would agree with the authors when they write (in the Preface) : ‘“‘ On account 
of its use of trigonometric functions, the subject of statics has a close affinity 
tter em.| With trigonometry.” Nor is much use made of trigonometry, except in so 
fractions} {af 88 it is required for resolving. The problems solved in the text are not 
Id learn,| ved by applying trigonometry to a geometrical figure based on the triangle 
it to thet of forces, but by resolving and taking moments. I was struck by the way in 
book is} Which the solutions are written out; where we would write ‘ Resolving 

R. W, vertically (or horizontally) ” we find “ Since there is no translation ” (and an 
wuation obtained by resolving follows) .and ‘Since there is no rotation ” 
| (followed by a moment equation). 

Both books are very lucidly written, well laid out and beautifully printed 
on paper which is presumably still unobtainable in England. The algebra 

| book includes six-figure tables of (1+7)" and (1-7)" for integral values of n 

Congress! from 1 to 40 and values of 7 from 1 to 7 (at intervals of 4), whilst the trigono- 
e Mathe- metry book contains the usual four-figure tables. In each book there are 
ada, and plenty of examples for solution by the reader. R. W. 
e. Since 
sof some’ Examples in Mathematics for Fifth and Lower Sixth Forms. By A. Rosson. 
ner ; he, Pp. 63. 2s. 6d. 1948. (Bell) 





ted if so 


n, which 
calculus 





By NX. 


s of tW0’ This is a short collection of miscellaneous examples which the author has 

ounts Of found “suitable for the abler middle-school pupils ...and for those who 
are beginning to specialise in Mathematics ” 

ye The first half of the collection consists of 36 papers of 6 questions each for 

rom 


the fifth-form pupil, providing roughly a paper a week during the Certificate 
year on the usual Additional Mathematics subjects, excluding Mechanics. 
[There are one or two questions on relative velocity and a few on variable 
acceleration ; but otherwise no Mechanics problems appear anywhere in the 
e briefly book.| The questions are varied, interesting and, as we expect from Mr. 

Robson, valuable. I like ‘“‘ ABCD is a square. Prove that if P is on BD the 
‘rom the angles APB and BPC are equal ; but that it does not follow from the equality 
pplied to of these angles that P is necessarily on BD”’, and “‘ Find the speed of Gras- 

mere (latitude 54° 27’) due to the Earth’s rotation, 3960 m. being the Earth’s 
tion. | tadius”. The first part of the book ends with a few somewhat easier ques- 

| tions for the not-so-bright (but still bright) pupil. 
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The rest of the book contains some 350 questions grouped according to 
subject. The usual headings appear, but there are, too, sections on History, 
Logie and Vectors. The pupil is reminded of the existence of the Mathe. 
matical Library by such questions as ‘‘ Multiply 45 by 37 by the Egyptian 
method ”’ and ** What were the Herodianic signs?’ And what pupil will not 
enjoy this: ‘ If div (x) means 1/2 unless x=0, and sub (2) means 1 - 2, find 
the value of x for which div (sub(x)) =sub (x), and show that div (sub 2) is 
never equal to sub (div)? The questions are again interesting, and some 
are suitable texts for long sermons! One can see the puzzled face of the 
pupil who, having successfully differentiated tan! 2+tan~ (1/x) is asked, 
‘** Does this function always have the same value? ”’ 

Answers to the examples are provided ; and the book is a very good half. 
crown’s worth. R. W. 


General Mathematics. By C. V. DurELL. Supplementary Volume. Pp. 
vii, 112, viii. With answers, 3s. 9d. 1948. (Bell) 

This is an extra volume to the secondary school course contained in the 
four volumes of the series. It is a thoroughly interesting attempt to make 
available for pupils in the higher forms and divisions of the main school some} 
applications and developments of the mathematics they have covered in the 
normal course. 

Three main topics are introduced: navigation, calculus, and practical 
solid geometry with plans and elevations. In each, especially the last two, 
the development of the subject is carried a long way in a short space, so that 
the pupil will realise the practical value of his subject. 

In the Navigation, after a historical introduction, technical terms, course, 
track, etc., are defined, with clear diagrams. Vector addition, the term vector 
is used, and triangle of velocities are explained, and applied to examples of 
travelling through water or air in a thoroughly workmanlike manner, so that 
in sixteen pages a good technical introduction is given which is readable to} 
the average boy and should give him knowledge which is essential if he is 
destined for the Air Force or Navy, and which will interest him if he is at all 
concerned with modern travel. 





A short section on equations of curves precedes the definition of the gradient} 
of a straight line, and here the delta notation is introduced at the beginning.| 
It is noticeable that Mr. Durell introduces appropriate notation early through- 
out the book, presumably with the idea that it is wise to let the boy have early 
access to tools which are going to help him in the development of the subject. 
For the definition of the gradient of a curve there is no mention of limits. 
The tangent to a curve at P is defined as the line through P which meets the; 
curve at no point near P except the point P itself, and the gradient of the 
curve as the gradient of the tangent at the point. This avoidance of limits is 
maintained throughout the course, and thus one difficulty encountered by 
beginners is avoided, wisely or unwisely remains to be seen. The pupil who 
is to do a further course may receive unsound ideas about limits from a state- 
ment such as that used in finding an area, p. 62, “ if the expression for the 
average gradient has a value when we replace 5x by 0,...’’. The traditional 
method using limits cannot be lightly discarded, but here is a course whieh ; 
sets out boldly an alternative and is worthy of a good trial. The applica-| 
tions of Calculus, with ability to differentiate x” with x positive or -— |, in- 
clude kinematics, the finding of maximum and minimum values, areas and 
volumes. 

The section on solid geometry starts by showing how to represent a solid 
by oblique and isometric projection. Plans and elevations are considered in| 
detail, with constant reference to methods used in practice by architects and| 
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engineers, and with a uniform system of lettering as a temporary device to 
help the beginner. Detailed instructions are given for carrying out the draw- 
ings. The work is extended to deal with oblique sections of solids, and the 
process of rabatment is explained, for finding the true length of an edge 
whose plan and elevation is given. The book finishes with a section on the 
interpretation of plans and elevations. The course is carried appreciably 
farther than is usual in an introduction, but is set out clearly so that it should 
not present undue difficulty. 

The book presents ideas to teacher and student for work which can carry 
mathematics from the classroom into practical activity. It presents very 
attractive alternatives in additional mathematics to the more orthodox 
advanced work on Algebra and Trigonometry, and it may well inspire better 
pupils for more. Any pupil who has worked through successfully any of the 
three sections should have a welcome sense of achievement. Teachers, 
whether or not they use it in school, should find the book stimulating and a 
source of valuable ideas. i. 9. Os 


A First Geometry for Modern Schools. By C. V. Durex. Pp. viii, 200, 
xvi. 4s. 9d. 1948. (Bell) 


The author, in his preface, states that this volume provides a two-year 
course in Stage A geometry. The subject is developed round the use of 
instruments in the manner of his earlier books on this stage of geometry. 
The pace is, however, much more gradual and in a manner designed to con- 
form with the slower mental processes of the Modern School pupil. The 
subject is also treated with greater detail than in the author’s earlier books. 
Ideas are introduced gradually. For instance, parallel straight lines are dis- 
cussed long before their angle properties are dealt with, and most of the cases 
of construction of triangles are treated before the angle properties of the 
triangle. : 

The exercises are very numerous and afford profuse matter for detailed 
discussions. Most of the sets of exercises have more examples than can 
normally be dealt with, but a shorter course is clearly indicated which involves 
about half of the examples. 

Throughout, the eye and mind are assisted by numerous diagrams—there 
are over 560 in this comparatively short book. There are many stimulating 
questions which have the purpose of producing that mental activity which is 
so essential in Geometry teaching. Many Modern School teachers will find 
this book of much assistance at a time when so few books of this type exist, 
and when they have to work out a new syllabus with pupils who have so far 
not studied this subject. 

I have an impression, which I cannot get rid of, that the author has taken 
a potent drink and diluted it down to a strength which is quite safe and 
palatable. Nevertheless I feel that the resulting drink is not quite the best 
for the pupils for whom it was prepared ; some important ingredients seem to 
be missing. Grammar School Geometry has been mostly on an intellectual 
plane, perhaps too much so. Modern School Geometry should be more related 
to the world around us and deal more with our daily lives. The intellectual 
aspect should be less in evidence even in a watered-down condition. The 
development of a Geometry on the lines I have indicated cannot be achieved 
easily and must progress by stages. Here and there, there are signs of this 
design in the author’s book, but I would wish for more. The ideal Geometry 
for Modern Schools has not yet been written, and we may have to wait a long 
time for it. In the meantime Modern School teachers will find valuable 
assistance from Mr. Durell’s book. 5.5. 
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New Syllabus Algebra. By C. O. Tuckey and W. ArmIsTEAD. Pp. 187§ treat 
+ pp. 13 answers. 5s. with answers, 4s. 6d. without answers. 1948. (Cam. § stud) 
bridge University Press) Th 

This book has been written to supply the needs of ‘‘ pupils whose syllabus f but t 
has been adjusted to conform to the modern view of the meaning of Elemen.  0™!% 
tary Mathematics’. It has frequently, and rightly, been contended that in num 
the past too much stress has been put on manipulative work to the detriment § p!@¢ 
of the development of essential ideas such as functionality. The author — pase 
have cut down the manipulative work drastically, and have even omitted § after 
completely sections which are prominent in older textbooks. venie 

They divide their book into three sections, using an unusual method of | 





a Aver ; apa ; Hi 
subdivision. Section | is called The Beginnings. It commences straight } a 
away with * Find the number ”’ problems, and uses the equation as a means {~~ 
of developing the subject. On page 11 we have the example 3 - 

whic 
Bly 5_ 6 Stes 2 ~~ 
+ 1) +435 (~7+5)=3(224+1)4+6. 
a(@+1)+ae(v+5)=3 (27+ 1)+6 pape 


Can pupils do this type of equation so soon? I presume this development} Cale’ 
has been tried out by the authors so that they would know. In many places} pupi 
there are original methods of approach and novel ways of developing the} addi 
subject. Directed Numbers are introduced on page 26, the rules being partly | 10 n 
deduced from a consideration of the solution of equations. cons 

Section 2 is headed Proportion and Linear Functions. It deals with direct § wor! 
proportion, the linear function and their graphs. Ideas of gradient are intro- } js a 
duced. Considerations of linear functions of « and y lead on to the solution } read 
of simultaneous equations in two unknowns. 

Section 3 is headed Squares, Areas, Quadratics. There is an interesting In 
short treatment of squares of numbers and their connection with the sums of | Pp. 





consecutive odd numbers. This leads on to the difference of two squares.}  T! 
A short section on the general product of two binomials is followed by the! expl 
square of a binomial. The section then settles down to a detailed treatment } “ sl 
of the quadratic function, its factors and its graph. The gradient of the} tary 
function is dealt with, and also the solution of quadratic equations. This B 


ends the section and the book. The development of the last two sections} witl 
round the linear and quadratic forms is, compared with other books, quite} tion 
novel, but it is absolutely sound and indicates a thoughtful analysis of School § fully 


Algebra. Throughout the book there is a freshness of approach, and the h 
authors have constantly in mind the idea of functionality. deg 


Whether or not all sections of School Algebra fit easily into one or other of pro 
the subdivisions of the book I am not sure. It is a fact, however, that some} doe 
parts of the subject have either been omitted or inadequately dealt with.! root 
I find no treatment of changing the subject of a formula, and fractions, which | con 
involve only single-term denominators, are confined to two pages of Section 1.| tha 
There is no mention of the inverse proportion function, nor do we get the T 
types kxv* and ky/x. As will be evident from the size of the book, many parts Sys 
are given a treatment which is too brief. 8.1.) pre: 

mit 

Commercial Arithmetic. By H. V. Aten. Revised Edition. Pp. ix, 466.! sys 
8s. 1948. (Longmans) 7 

The first edition of this book, which was reviewed in December 1939, has} nur 
been rearranged and partly rewritten so that the first fourteen chapters form) an 
a complete textbook and is published separately under the title Intermediate)" 
Commercial Arithmetic. This book was reviewed recently in the Gazette. The lai 
book under review consists of Part I and nine additional chapters. The) tx 
additional matter consists of the corresponding sections of the original edition} 10 
together with more exercises. The whole work is a complete and detailed) to 
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treatment of the subject, and is of much value to those who have to 
study it. 

The book contains some tables which did not appear in the first edition, 
but the useful table of interest on £100 at 1°, from 1 day to 365 days has been 
omitted. The arrangement of the tables is not convenient. The table for the 
number of days in any period of the year and the five-figure log. tables are 
placed after page 247. One table used for calculating annuities appears on 
pages 288, 289, and another on pages 310, 311. Answers to Part I are placed 
after page 254, and those to Part II after page 438.~ All this is very incon- 
venient. . 2. 


Higher Certificate and Intermediate Tests in Pure Mathematics. By R. J. 
FuLFORD. 2nd edition. Pp. 127. 2s. 6d. 1948. (University Tutorial Press) 

The second edition of this book is an amplification of the first edition, 
which was published in 1938. The additional matter consists of 32 revision 
papers, eight each in Algebra, Trigonometry, Analytical Geometry and 
Calculus. They are suitable for second year Sixth Form non-scholarship 
pupils. Part 2 has 42 papers, also arranged according to subject, and has the 
additional subjects of Plane Geometry and Solid Geometry. Part 3 has 
10 mixed three-hour papers of ordinary Higher School standard, and Part 4 
consists of 12 three-hour papers of distinction standard. These tests are a 
workmanlike compilation, and teachers should find them very useful. There 
is a misprint in paper 8 6 4 (i). The exponent of the middle term should 
read w — x, oS. 1. 


Introduction to the Theory of Equations. By Lois WiLrrepD GRriFFiTHs. 
Pp. ix, 278. 18s. 1947. (Chapman and Hall) 

The author, who is a Professor in the Northwestern University, Illinois, 
explains in the preface that the purpose of this book is to guide students 
* slowly through the proofs of the important general theorems in the elemen- 
tary theory of algebraic equations ”’ 

Beginning with a treatment of the binomial equation the book proceeds 
without further preliminaries to a discussion of the cubic and quartic equa- 
tions. Cardan’s method and the trigonometric solution of the former are 
fully explained, while the latter is solved by the standard reduction of Ferrari. 

In the sections dealing with the real roots of polynomial equations of any 
degree the Harriot-Descartes Rule of Signs is illustrated and stated but not 
proved ; Sturm’s Theorem is, however, established. A useful method, which 
does not involve the calculus, for determining an upper bound for the real 
roots is also given. For the approximate solution of such equations the author 
confines himself to Horner’s method, and there is no explicit reference to 
that of Newton or to other iterative processes. 

The book was originally published in 1945 under the title Determinants and 
Systems of Linear Equations, and probably the most valuable feature of the 
present work is the introduction which it provides to the theory of deter- 
minants and matrices as arising naturally out of the problem of solving 
systems of linear equations. 

Two: concluding chapters deal briefly with the logical basis of complex 
numbers, the fundamental theorem of algebra, symmetric functions, resultants 
and discriminants. 

The order in which the various topics are introduced as well as the emphasis 
laid upon them differ considerably from those found in the standard English 
textbooks. Related matters, such as partitions, properties of rational func- 
tions, geometrical and graphical illustrations are rigidly excluded. References 
to pioneer work in the subject are scanty and even such notable names as 
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Argand, Cayley, Euler and Newton are absent from the index. A very slight} enow: 
background of mathematical knowledge is demanded from the reader. while 
Nevertheless the volume deliberately represents an innovation in literary} thing 
mathematical presentation. Even moderately elaborate theorems arm} Th 
resolved into simple elements ; illustrative examples and particular cases am § 48 CI 
introduced to pave the way for the formal proofs which follow ; and there js; ences 
much restatement. for n 
While such methods are admirable for the class-room and will no doubt As 
prove helpful to the lone worker of mediocre mathematical attainments, > book 
there remains a danger that the gifted student may find the going tedious = work 
and feel the want of any stimulus to inspire him to further study. Submerged § of 1 
in detail he may, for example, fail to experience a due sense of elation at the } Lon 
discovery that the idea of the rank of a matrix enables necessary and sufficient } Ido 
conditions for the consistency of p linear equations in q variables to be} of L 
formulated. ratic 
There is no mention of the Galois theory or the work of Abel. To peruse the 
the book is to plod through featureless country rather than to engage in a} seem 
joyous adventure in the realm of thought. triar 
The quality of the production is excellent and, indeed, enviable in these days | auth 
of paper shortage. There are numerous exercises and a complete set of 
answers, which I have not checked. T. A.B. 


Introduction to the Algebraic Geometry of a Plane. By J. W. Arcupoxp. | The 
Pp. xiii, 300. 25s. 1948. (Arnold) 
This account is written for ‘‘ university undergraduates and advanced } the 
students in the schools ’’, though I can imagine few of the latter who will the 
make much of it, as the author’s words seem to imply:: 


reac 

‘ The text covers the usual course for an honours degree and goes some way 
further in preparation for a study of the general theory of algebraic curves.” 
The chapter headings give a good idea of the scope: Foundations ; Pro- | 


jective Transformations, Linear Geometry ; Projective Theory of Conics;} he 
Metrical Theory of Conics ; Further Properties of Conics; Collineations; > 





Rational Curves. | per 
The first chapter contains an assortment of comparatively elementary pro- | illu 
perties, treated weightily, which do not seem to penetrate into the subsequent N 


work ; such, for example, is a proof (p. 8) of the formula for the distance of 


the point (x9, Yo) from the line lx + my +n=0 by a method, based on minima, ~ 
which I had never thought of seeing outside an examination script. Along- 

side this are accounts of the Euclidean Plane, real, complex or modified. | 1 
There is also a brief introduction to Groups and Fields. : rn 


The chapters devoted to the different aspects of the theory of conics follow ; 
standard treatments. As in the first chapter, there are curious variations in | P™ 
level. For example, a good deal of stock ‘‘ schoolboy ”’ conics is given to a 
reader who, in earlier chapters, was dealing with 4, 0, 9’, 4’. I feel sure that 


anyone who can tackle the projective chapter will not want the later elemen- 8" 


tary metrical details, while the reader who can profit by the latter will be bo 
unready for the former. the 
I found the chapter on Collineations hard to follow—though I am prepared -- 
to be told that the fault may be mine. The treatment pays lip-service to | wil 
matrix methods, but never quite grips them as an integral part. The notation, - 
too, worried me. Thus, on p. 218, “ points with the old coordinates (x,), (z;‘) | °™ 
acquire new coordinates (Z,), (Z;’)”’, leading to an equation of transformation | = 
M (t) = (b) M(#)(BY’, } ne 


where (B)’ is the transpose of B—the double use of the dash being awkwé ard ( 
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enough ; but, on p. 231, the bar is transferred to denote a transposed matrix, 
while dashes denote points, etc., which correspond in the collineation. Little 
things of this kind do not make for easy reading. 

The book ends with an account of Rational Curves, and includes such things 
as Chasles’s formula, Zeuthen’s theorem, Liiroth’s theorem, (2, 2) correspond- 
ences, quadratic transformations, polar curves, and so on, preparing the way 
for more advanced study. 

As I have perhaps implied, I am not completely comfortable about the 
book, but there is no doubt that it does give an adequate account of the 
work required for a number of examinations. There is a very useful collection 
of 125 problems from recent papers set for Honours in the University of 
London, and there are also many illustrative problems throughout the text. 
Ido, however, find the actual exposition hard to follow ; the particular case 
of Liiroth’s theorem on p. 57 or the section on “ Metrical Aspects of Cross- 
ratio ’’ on p. 65 illustrate my difficulty—the nails seem to have been hit on 
the head, but knocked dizzy in the process. A number of the proofs, too, 
seem unnecessarily awkward. For example, on p. 102, in proving that 
triangles ABC, A’B’C’ polar with respect to a conic S are in perspective, the 
author takes A as the point (7, ¥,, Z,), 80 that the equation of AA’ is 

p(xXetyV¥2+2F2)+q(uX3+yYV3+2Z 3) =9, 
where PS 12+9qS13= 9. 
The equation of AA’ is then given as 
#(SygXq—S 2X3) + y(Sis¥ 2 — Si2¥s) +2(S19%2-S12Z3) = 95 
the two corresponding equations for BB’, CC’ are solemnly written down and 
the results added. But it would have been quicker, and much easier for the 
reader, to have used the form 
S Ses SS3, a S,S, 2° 

The occurrence of such manipulation .left me somewhat less satisfied than 
Ihad hoped to be when I first glanced through the book. In fairness, I ought 
to add (what is obvious) that difficulty in following exposition may be a 


personal matter; for that reason, I have given a few exact references in 
illustration. E. A. MAXWELL. 


Mechanics and Applied Heat with Electrotechnics. By S. H. MoorFrieLp 
and H. H. WinsTaNLeEy. Second edition. Pp. xi, 324, 64. 7s. 6d.; without 
electrotechnics section, 6s. 1948. (Arnold) 

This will be found a useful book by students studying Mechanics and Heat 
Engines in the first and second year courses for National Certificate. The 
aim of the book as stated in the preface is to set out simply and logically the 
principles of the subject. In the earlier part this object is consistently adhered 
to. Descriptions of pieces of apparatus which will be handled and used in 
experimental work are wisely omitted ; numerous worked examples and 
graded questions at the end of each chapter form an important part of the 
book. The English in certain places, however, could be improved upon ; and 
the use made of symbols is open to criticism. The later parts of the section 
on Mechanics and Applied Heat are well written. For example, the student 
will readily appreciate the physical differences between various types of 
steam, and the differences from the energy standpoint are clearly brought 
out, but of their uses little is said. Admittedly, there is a chapter on steam 
engines, but from the description the quality of the steam used is of little 
consequence. Adherence to the primary aim would have avoided this weak- 
ness, and unnecessary descriptions of engine parts might have been omitted 
and more stated regarding the uses of steam. 
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There are some unnecessary weaknesses in the section on Electrotechinics, 
although the treatment is probably adequate for the purpose of interesting 
mechanical engineers in matters electrical. ; 

From the section on magnets one would infer, quite incorrectly, that all 
permanent magnets are made of steel alloys. The statement on p. 24* ascribed 
to Ohm is not Ohm’s Law, although it bears some relation to it; and it is 
not correct to define the specific resistance of a material as being the resistance 
between opposite faces of a one-inch cube, although one would be prepared 
to admit that it is numerically equal to it. (Incidentally, it is the ohm-em. 
which is generally used and not in ohm-in., which the authors seem to prefer.) 

On p. 20* we are told that E.M.F. and P.D. are the same thing, and nowhere 
is the true distinction drawn between them. A worked example on p. 29* 


mentions a cell of E.mM.F. 2 volts and internal resistance 0-75 ohm. Do the? 


authors know of such a cell? Problems should, as far as possible, be based 
upon actual experience. Similar criticism may be applied to some of the 
exercises in Example III. 
No mention is made of A.c., inductance and capacity. 
Finally, it seems unnecessarily confusing to play with cC.G.s. units when 
everything can be dealt with satisfactorily in terms of amps, volts and ohms, 
A. LADLE. 
J. W. Wuireneap. 


Intermediate Hydrostatics. By E. E. Premper. Pp. 247. 9s. 6d. 1948. 
(University Tutorial Press) 

This is a well-written and well-illustrated book for students of science and 
engineering which adequately covers the syllabuses of the various Higher 
School Certificate, University Scholarship and Intermediate Degree examina- 
tions. 

Six chapters are concerned with fluid pressure, two chapters are on density 
and specific gravity, and others deal with floating bodies, the properties of 
gases, the principles of hydrostatic machines, tension in pipes and _ vessels 
containing liquids or gases, and work done in hydrostatic processes. 
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The arrangement of the individual chapters is particularly good from the 
point of view of those students who learn by self-study. The appropriate 
theory is first developed in a sound but relatively simple manner, and this is 
followed up by typical worked examples. At the end of each chapter there 
are numerous well-chosen examples, many of which are taken from past 
Higher School and Intermediate examination papers. Answers are provided. 

This book can be unreservedly recommended as being in every way suitable 
for the purpose for which it has been written. J. W. WHITEHEAD. 


Introductory Mathematics. By H. V. Lowry and H. A. Haypen. Pp. 159. 
4s. 1947. (Longmans, Green & Co.) 

This small book is preliminary to the first volume of Mathematics for 
Technical Students by Geary, Lowry and Hayden. It aims at providing a 
short introduction to the mathematical ideas and methods which are funda- 
mental to any technical course. 

The work is divided into fourteen chapters. In Arithmetic we have frac- 
tions, decimals, ratio and proportion, percentages and compound interest ; 
in Algebra, the solution of equations, negative numbers and elementary 


graphical work ; in Geometry, the construction and properties of triangles | 
and parallelograms, Pythagoras’ theorem, similar triangles, the area of 4 | 


circle, the volume and surface of a cylinder, while the Trigonometry comprises 
the definitions of sines, cosines and tangent with a few examples. One chapter 


of four pages is devoted to the arithmetical process and calculation of square | 
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roots. The book ends with a chapter on the use of tables, the tables used 
being those of square, square roots and logarithms. 

The book is very compact ; a comprehensive course is attempted in com- 
paratively few pages and should be very useful to the student who will later 
use the authors’ more advanced book. The authors hope that it may prove 
useful in Junior Forms of the secondary school. Teachers of such Forms 
could find much in it to assist their work, but the young boy of 11 or 12 
might be confounded. One would like also to suggest that although the 
exercises are good, their number could be increased with advantage. 


EK. J. A. 


Mathematics for Technical Students. (Junior Course.) By S. N. Forrest. 
Third edition. Pp. viii, 304. 5s. 6d. 1947.) (Edward Arnold, London) 

This is the third edition of a book first published in 1920. The second 
edition appeared in 1925, and was reprinted twelve times, such is its popu- 
larity. 

The book contains a full two-years’ course for students who left the pre- 
1944 elementary school at fourteen. The work of the first year might be of 
Arithmetic, Algebra up to simple equations and an introduction to Geometry, 
mainly practical work, while, in the second year the student carries on with 
simultaneous and quadratic equations, logarithms, a fuller appreciation of 
Geometry and easy Trigonometry. The whole is an excellent preparation for 
the author’s Mathematics for Technical Students (Senior Course), which con- 
tinues the scheme commenced in the Junior Course. 

In this third edition, the main changes are the extension of the Trigono- 
metry to include the solution of triangles by the Sine and Cosine rules, and 
the chapter on Graphs has been re-modelled, the subject being introduced by 
a study of graphs of functions rather than graphs of equations. 

The print is very clear, the explanations easy to follow, and the whole 
set-up is of high standard. There are excellent examples and plenty of them 
for the pupil to work through. 

The final chapter is called ‘“‘ Some Applications”. It comprises examples 
using some simple formulae, on such subjects as Ohm’s law, the relation 
between Volume and Temperature of a Gas, Horse-power, Pendulums. To 
conclude, there are over 450 ‘*‘ Additional Examples ”’ in the same sequence, 
as in the chapters of the book, which form a very valuable revision course. 
Immediately preceding the answers is a set of log tables, not only of the logs: 
and anti-logs of the natural numbers, but including also natural sines, co-sines 
and tangents and their logs. 

The book should be found very useful, not only to teachers in a Technical 
High School, but also to those engaged in Modern Secondary School work, 
treating Mathematics as a serious subject of study, particularly where the 
boys (and girls) will be going out into an industry which will demand their 
following a Technical or National Certificate Course. E. J. A. 


Everyman’s Mathematics. By F.G. Brown. Pp. xviii, 747. 36s. 1947. 
(Angus and Robertson) 

Occasionally one meets an elementary book which gives the paradoxical 
impression that its whole is greater than the sum of its parts—that while no 
particular chapter is outstanding, yet the complete volume “ has something ”’. 
Rather less frequently one finds that “‘ something” acting as a persistent 
stimulus, making one refer again and again to the book, both for its intrinsic 
interest, and to agree with its thesis (or, possibly, to try to find logical reasons 
for rejecting its argument). 

This book, by the former Chief Naval Instructor, Royal Australian Navy, 
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and Director of Studies, Royal Australian Naval College, is one of the rarities, J 28 * 
Apart from an emphasis on the use of ratios and rates, the text is much on} 24 
the lines now expected in any up-to-date work on elementary mathematics, Th 
A deal of ground is covered, from addition, multiplication and fractions, via | 2°V 
equations, indices, logarithms, the triangles and circle, interest, progressions § 28° 
and relative motion to graphical work, introductory calculus and a couple of of th 
lively chapters—‘ Miscellaneous ” and “ Tricks and Problems”. Worked} #4 
exercises, and sets of examples, abound; attention is rightly given to the differ 
need for accuracy, while avoiding the appearance of unwarranted exactness; | ™4" 
and practical matters of everyday life are introduced where possible. limit 
Yet this, or something very like it, could be written in summary of the | work 
contents of quite a number of books. There is a freshness about certain | Or 
chapters—of which some examples will be given later—but, in general, a} &™ 
casual glance at a few pages would not reveal any remarkably outstanding clear 
qualities. note 
And then one looks again ; and considers the book as a whole, and thinks Th 
even more deeply about the implications of the preface and of the teaching } °° 
method ; and realises that this is something different after all. Thes 
Perhaps the key is to be found in the introduction. For example, the | PUI 
author wonders what is meant by culture, and continues: ‘‘ In my view it} °™P 
should simply mean activity of thought, an awakened interest, a power to} H 
see beauty not only in poetry and painting and sculpture and architecture not | 
and music and literature, but also in intellectual satisfaction. Education, } % > 
even in mathematics, should be a preparation for living a life, not merely for for 
earning a livelihood. Mathematics calls for courage and honesty. Mathe- | 8'V® 
matics is difficult ; so is life. Too much pap and too few crusts are bad for | 4" 
the teeth. Mathematics can at least inculcate a love of truth.” — 
Again: ‘‘ Our schools churn out boys into factory, office and industry | ™®) 
with no liaison with the employers, and the employers curse the inadequacy mat 
of the education system and do nothing to improve it. Most of the lads, . v 
cannot be said to have forgotten their mathematics for the simple reasdn} i¢! 
that they have never absorbed any mathematics worth remembering.” (That the 
is a reference to Australian conditions ; but what is our position? For that : the 
matter, what of the staffing position in this country—is the following extract | “™ 
relevant?) F 





‘Would there be better schools and better selected teachers and better | °° 
paid teachers if there were really a new: order of education, a reform so strik- and 
ing that the rising generation would never cease demanding better and ever | °"® 
better facilities for all alert minds, poverty no bar? = 

‘A teacher is either a fool or a missionary. The fool is the tradesman {| ‘° ' 
who is out to make a living; joins a union and talks of nothing but wages tha 
and housing. The missionary is the man who thinks of his work as a profes- = 


sion and who would not care to do any other kind of work ; he believes the 
labourer is worthy of his hire, but payday is not the only day of the week. 
And of course there is a large class of ’tweenies. There are missionaries who A 
are fools. Many teachers think in their hearts it is unjust they should be _ the 
paid so little for their great responsibilities. But perhaps the judgment of | (Ur 
the world is just. Perhaps some day there will be enough really well-educated | 1 
people to rise in gratitude and demand that teachers shall be better paid | 
they may even-take an interest in seeing that there are better teachers.”’ Inf 
Quotation has been lengthy, but it does reveal something of the secret #1 
the book. The author seeks better teachers, better teaching, and better) * 
understanding and appreciation of mathematics. ‘‘ The mathematical prin- |) Pre 
ciples which Mr. Everyman need know as a part of his basic general education die 
are exceedingly few in number.”’ Here he is given an excellent way of learn- | ““ 
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ing those principles. Part I of the book (pages 1 to 338) deals with them, 
and Part II contains applications and extensions. 

The special attention to rates and ratios (to which reference has been made 
above) is paid because of the author’s conviction that a thorough understand- 
ing of these topics ‘‘ covers all the problems contained in about twelve chapters 
of the usual arithmetic textbook as well as all the necessary parts of geometry 
and trigonometry’. Certainly the correlation between what used to be 
different sections of the subject once more proves its worth. A reference to 
man-hours and man-days contains the warning that there is a commonsense 
limitation to the application of the idea. ‘It does not follow that 1 man 
working for 300 hours can do what 300 men working for 1 hour can do.” * 

One application that seems to disturb the Australian mind is that relating 
tomoneylending. Methods of calculating the true interest paid are extremely 
clear, and the sections dealing with interest and depreciation are generally 
noteworthy. 

The chapter on progressions must also be mentioned, since it includes 
excellent accounts of the decibel and phon, and also of “* preferred numbers ”’ 
These are numbers ‘‘ that have been selected to be used for standardization 
purposes in preference to any others’. How they are derived, accepted and 
employed makes valuable reading. 

Here then is all that Mr. Everyman is supposed to need. The selection will 
not be accepted without question. Does Mr. Everyman “ need ”’, for instance, 
to be able to extract square root without using tables, or to know the test 
for the concyclicity of four points, or the derivation of the sine rule—all 
given due attention in Part I? Maybe these things are necessary in a logical 
sequence ; certainly we should avoid teaching a disconnected hotch-potch of 
snippets because they are utilitarian. Yet the more one looks at the great 
majority of our people, the more one marvels how little they are touched by 
mathematics. 

What reasons are given in teacher-training departments nowadays for the 
inclusion of mathematics (or calculations, or reckoning, or what you will) in 
the curriculum, especially that of the secondary modern school? Of course, 
the true mathematicians among us know the answer. And it is certainly 
time that these matters were aired once more. 

Finally, let it be emphasised that F. G. Brown says: ‘‘ No mathematics 
book ever written, that was worth anything, was an easy book to teach from, 
and no mathematical teacher worth his salt is content to confine himself to 
one textbook.’’ He knows that the best textbook one can use is that which 


, one has written for the purpose ; and this is probably an ideal book for him 
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to use as a teaching text. Others will use it, not as an ideal, but as a more- 
than-weleome additional source of workable ideas, fresh stimulus and constant 
interest. Few can afford to ignore it, and probably none who sees it will wish 
to do so. F. W. K. 


Addition and Subtraction Facts and Processes. Publication XXVIII of 
the Scottish Council for Research in Education.. Pp. 66. 1s. net. 1948. 
(University of London Press Ltd.) 

This is a report of an investigation which sought to establish the degree of 
mastery in arithmetic attained by pupils at the point of transfer from the 
Infant Division of the Scottish school system, and by giving to these pupils tests 


*Was it not Sir Oliver Lodge, who gave another warning in connection with 


" Proportion, by such examples as “If two peacocks can wake one man, how many 


can wake six men ”’, and ‘‘ If a diamond is worth £10,000, how much are 950 similar 
diamonds worth? ” 
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at six-monthly intervals to ascertain if there is any loss owing to discon.§ jn Ari 
tinuance of practice. Conte 

The facts deal with the 100 basic facts of addition, and the 100 of subtrac.f The 
tion, of the arrangements of the numbers 0-9. The Processes deal with the} what 
application of the basic facts in addition and subtraction which may or may requit 
not require “‘ carrying ”’ or ** borrowing ”’. wide 

The findings of this investigation shouid be of great interest to Primary item ‘ 
School teachers in general, but they should receive particular attention from subse: 
compilers of Attainment Tests and authors of textbooks who will find them§ to a.r 
invaluable. 

Amongst the items brought to light during the course of this investivation{ Ele 


we have : BUCK 
(1) The doubles, e.g. «+ are definitely less difficult than might have beenf Th 
expected, whilst the facts x - ax prove to be more difficult than expected. pages 
(2) Whilst there was improvement at each successive testing (due, no doubt, § the n 
to mental growth), the relative difficulty of the facts remains constant. four f 


(3) The facts 0 +a, 2 +0, x —- 0 show a deterioration in performance at laterf In th 
tests, This may be due to the introduction of the multiplication facts at] each 
these later stages. The 0+. fact is shown to be definitely more difficult than] exam 
the 2+ 0 fact. whol 

(4) In subtraction processes the investigation shows that a zero in the top| the a 
line or the incidence of ‘*‘ borrowing’ in the first, second or both columns with 
reduces the chance of success in the process by 20°,. <A zero in the bottom} ones’ 
line or a subtrahend with fewer figures than the minuend does not alter the} Th 
chance of success. mult: 

For all facts and processes dealt with in the investigation a factor known} puml 
as the * probability of success’ is given. As only children who had been} has t 
taught ‘‘ upward addition ” were tested, care must be exercised in interpret-}| In 
ing the results in order to avoid confusion. According to the text 7 + 4=7+ surpl 


4 | decin 
and, therefore, for normal purposes must be regarded as 4+ 7, z.e. the order} Arit} 
of carrying out the operation. mula 


The work recommends that the signs of the Processes should be inserted} Ty 
in all examples. This work enters such signs at the left-hand side of the} stan 
bottom line as in (a) below. Many teachers use form (6) or even form (¢)f by a 
below. It is a pity there is not some uniformity in this matter. I, myself.) on m 
would prefer form (b) to form (a) for the reason that the right-hand column} gem 
is the first to be dealt with and the sign right against this column serves as a} (20 





reminder. ) Syst 
(a) 346 (b) 3464 (c) 346+ TI 

' 437 437 437 + elem 

+214 214 214 _ 

ee Wess, 20 

H EB TI 

matt 


Mental Arithmetic. By G. H. R. Newrn. Pp. 48. 2s. 6d. 1948. (Mac: 
Donald, London) Tl 


From the preface one gathers that this work has been prepared for pupils, Pp. 
in all types of Secondary Schools. In working through the exercises most} Cun 
Secondary Modern School pupils (and a number of Grammar and Technical) — Ty 
School pupils) would have to produce a fair amount of written work in order} stat; 
to arrive at the answers. In this sense all arithmetic is ‘‘ mental” in that} norr 
the written work is the recording of the various stages reached in the mental} und 
processes of working out a problem. It would seem, therefore, that, for} and 
Secondary Modern School pupils, the title ‘‘ Revision or Practice Exercise} clog 
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in Arithmetic ’’ would be more applicable. For revision purposes a Table of 
Contents would be useful. 

The exercises are well set out. The author is obviously well-experienced in 
what is required and has gone far in an endeavour to provide for these 
requirements. Although this book is small, there is a wealth of work in a 
wide variety of exercises. Plenty of practice is provided in almost every 
item of the normal arithmetic syllabus. An improvement could be made in 
subsequent editions by the inclusion of exercises on Time with special reference 
toa.m. and p.m. times. H. WEBB. 


Elementary Arithmetic—its meaning and practice. By BuRDETTE R. 
BUCKINGHAM. Pp. 744. 24s. 6d. 1947. (Ginn) 


This American book is far too long for the ground covered. The first 47 
pages are devoted to philosophical and historical talk as to what a number is, 
the number concept and our system of numeration. In the next 140 pages the 
four fundamental processes with whole numbers are considered in great detail. 
In the addition chapter 20 pages are devoted to the addition of two numbers 
each of not more than two figures, and in the whole chapter there is only one 
example with 5 figures in it. Subtraction, Multiplication and Division of 
whole numbers are considered in similar ways ; it is interesting to note that 
the author says that, in multiplying by a two-figure number, “‘ we may begin 
with either the ones’ digit or the tens’ digit, but current usage begins with the 
ones’ digit.” 

The chapter on Fractions (64 pp.) is again laborious: the method of 
multiplication is explained from the definition ‘‘ Multiplication is finding a 
number which has the same ratio to the multiplicand that the multiplier 
has to one.” 

In the Decimals chapter (45 pp.) great stress is laid on place-value. It is 
surprising to find the notation 0-874 which is described as a “‘ complex 
decimal’. After this there are chapters on Percentages (73 pp.), on Universal 
Arithmetic (34 pp.): this is very elementary algebra, including simple for- 
mulae and equations of the first degree. 

The chapter on measurement of length (46 pp.) gives the history of the 
standardisation of units and notes about old and new units. This is followed 
by a chapter (38 pp.) on easy graphs of statistics. Then come chapters 
on measuring angles and area (77 pp.) and volume (35 pp.) : these are mainly 
elementary geometry and formulae. Then chapters on measuring capacity 
(20 pp.), weight (16 pp.) and time (28 pp.) and finally a chapter on the Metric 


» System (19 pp.) 
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The preface says this book is primarily for those preparing to teach in 
elementary schools, but a future teacher when training is hardly likely to 
have time to wade through the long chapters which are a mixture of what 
he must regard as the obvious and the philosophical. 

The book is beautifully printed and contains a lot of interesting historical 
matter. A.W. 8. 


The Kelley Statistical Tables. Revised, 1948. By Truman LEE Ke trey. 
Pp. ix, 223. 27s. 6d. 1948. (Harvard University Press; London: Geoffrey 
Cumberlege) 

In spite of the title this book cannot be described as a set of tables for general 
statistical use. The main table (Table I) is the same 101 page table of the 
normal probability function that appeared in the 1938 edition. The area 
under the normal curve from its start at — © to any abscissa z is called p, 
and z is the ordinate at x. For p ranging over -5000(-0001)-9999, and at 
closer intervals to -9999 9999 9, the values of a and z are given to eight 
E 
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decimal places (except at the very end), together with /(pq), \/(1-p?), 
J/(1-q*) and gq, where g=1-p. Maximal direct and inverse two- and three. 
point interpolation errors have been added at the bottom of the pages. No 
differences are given, the author preferring to rely on subsidiary tables (II to 
V) which give the three-, four-, six- and eight-point Lagrangian interpolation 
coefficients. Table II is new, and at the cost of 50 pages of print gives the 
three coefficients to five places of decimals, for the fraction of the interval 
ranging over -0000(-0001)-5000. This means that interpolation for an eight- 
decimal p can be made by a triple multiplication-addition on a calculating 
machine, but the absence of first differences makes linear interpolation, the 
feasibility of which (for a reasonable standard of accuracy) should be the 
justification of a table at so fine an interval, asomewhat troublesome process. 
Doubtless the author does not wish to encourage linear interpolation, for he 
comments on the limits of accuracy attainable with the use of Table IT, and 
adds, from the previous edition, the ten-page Table III for four-point inter. 
polation, wisely cutting down the decimal places to seven, and also the two- 
page Table IV (six-point) and one-page Table V (eight-point). Since, however, 
the author describes inverse interpolation methods at some length, doubtless 
to meet the needs of those who would prefer to see a table with x as the argu- 
ment and p as the “* consequent ”’, it should be added that the absence of 
differences, which are a common feature nowadays of mathematical tables, 
makes inverse interpolation tiresome, while the space devoted to Lagrangian 
interpolation coefficients is of no use in this connection. 

Table VI is the old Table II of the 1938 edition, and gives in small compass 
the probabilities associated with the x? distribution, the argument y/,/n 
ranging over -0(-1)4:1 and the values being given to four decimal places. 
Maximal interpolation errors are added. Table VII is the old Table VI 
expanded to 18 pages, giving /N, (10N), 3/N, 3(10N), 3/(100N) and 
In N to eight significant figures (In N to eight decimals) for N ranging over 
1-00(-01) 10-00. Table VIII (one page) gives 6 values for use in a normal trans- 
formation suggested by the author to enable the probability associated witha 
variance ratio to be deduced from Table I. This is an interesting innovation, 
but possibly not very practicable, since direct variance-ratio tables now exist 
in many textbooks and enable the answer the experimenter usually wants to 
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be reached without calculation. While it is true that a number of statistical 
significance tests can be put into the form of a variance-ratio, Table VIII 
can hardly be made the basis of a claim that the book is of general utility 
as a set of statistical tables. The value of the collection, as before, rests on an 
inverse normal probability table at a much finer argument interval than is 
published elsewhere, and is increased by a detailed table of Lagrangian inter- 
polation coefficients which will be of general utility for other mathematical 
tables. J. WisHakt. 


Sequential analysis. By A. Wap. Pp. xii, 212. 24s. 1947. Wiley 
Mathematical Statistics Series (John Wiley, New York; Chapman & Hall) 
In 1943, as the result of a comment made by an American naval officer, 
two American statisticians began some work on “ sequential analysis ” 
This was developed further by the Statistical Research Group of Columbia 


University under the guidance of the author of the book now for review, | 


and this book is a statement of the theory so far developed by these workers. 
In England there were also workers (such as Stockman and Barnard) handling 
the same problems, and some of their work has also been published. Wald 


refers to this work, but his book is entirely devoted to the treatment of the | 


problem by his school. 
Sequential analysis is a method of statistical inference whose characteristic 
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feature is that the number of observations required by the procedure is not 
determined in advance of the experiment. ‘The decision to terminate the 
experiment depends, at each stage, on the results of the observations previously 
made. 

If x is a random variable we may wish to test a hypothesis concerning the 
unknown parameters of the distribution of x. Let us suppose that we have 
only one parameter and that it can take one of two values 6, and 6,. For 
any value of @ let f(x,@) give the distribution of x. Then the Null Hypothesis 
can be regarded as that where 6=@,: call this hypothesis Hy. The alter- 
native hypothesis is that @=6,: call this hypothesis H,. Then we may make 
two kinds of errors: we may reject H, when it is true: call the probability 
of this « ; or we may accept H, when H, is true: call the probability of this p. 
The Sequential Method of testing a hypothesis consists in adopting the rule 
that at any stage of an experiment either (a) we accept H, or (6) we reject H, 
or (c) we continue the experiment. 

Wald defines the Operating Characteristic Function, L(@), as the probability 
of accepting H, in a particular sequential test. Thus, if we have a large 
number of manufactured units, each one defective or non-defective, with p 
(an unknown) the ratio of defectives to the whole lot, we accept the lot if p 
is less than or equal to a given value p’. We test the hypothesis H that 
p<p’. In this case 6=p, and we accept if and only if the first nm) units 
inspected are non-defective. Then L(p)=(1—p)". 

Wald then defines the A.S.N. (Average, or Expected, Sample Number) 
Function : this is H,(n), where n is the number of observations required by 
the sequential test. Thus, in the case above 

m—1 
E,(n)= 2 mp(1—- p)™"+n9(1— pyr. 
m=1 
If now we put 
Pi,m=f (21, 91) .-- f(%m, 9) if H, is true 
and Po,n=J (21, 9) --»f (Xm 9) if Hy is true 
and compare at any stage (say, at the mth trial) the ratio p,m : Yo,m then, 
having chosen constants A and B (B< A), if this ratio is not less than A we 
reject H, (and accept H,), and if the ratio is not less than B we accept Hy. 
Then we have the inequalities 
A<(1-8)/a, B>B/(1-2) 
30 that we can determine the constants A and B to get the resulting test to 
have the “ strength ”’ (a, B). 

Developing these ideas, Wald obtains some tables for actual practice and 
finds that he has procedures which require, on the average, a substantially 
smaller number of observations than equally reliable test procedures based on 
a predetermined number of observations. He extends the notions. Suppose 
that we want to compare the effectiveness of two productive processes : 
process 1 gives p, as the proportion of effectives, whilst process 2 gives p, 
efiectives. In practice p, and p, are not known. Wald takes the function 
u, given by comparing the two ratios of (effectives : defectives), that is, he puts 

u=k,/ky=p2(1 — p:)/pi(1 — Pr)- 
The manufacturer can then select two values of wu, say uw, and uw, (where 
y<u,) such that the rejection of the current process | in favour of the alter- 
native process 2 is considered an error of practical importance whenever the 
true value of wu is less than or equal to wu, and the maintenance of process | 
is considered an error of practical importance whenever u>%, with a region 
of indifference when u,<u<u,. Then the probability of rejecting process 1 
should not exceed a pre-assigned value « whenever u <u», and the probability 
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of maintaining process 1 should not exceed a pre-assigned value B whenever 
U>Uy. 

This idea of tolerated risks appears again in Barnard’s English work. He 
popularly talks of ‘‘ definitely good ”’ and of “ definitely bad ”’, that is, uses the 
notion of “‘ practically always ’’ with the attached ideas of producer’s risk 
and of producer’s safety point. 

In Part III Wald generalises for the case of more than the two alternative 
hypotheses, and makes out a sequential sampling plan for choosing one of | 
mutually exclusive and exhaustive hypotheses. He uses a weight function 
w,(@) to express the importance of the error committed by accepting H, 
when @ is true, and thus gets the risk function 


r(0) = L,(0)w, (0) +... + Ly (0) w, (8). 


The whole book is a fascinating exploration of new ground, and gives an 
outline of some of the most important new developments of statistical theory 
of recent years. There is no index. Now that the restrictions of the war 
years have gone we may look forward to extensive developments in the theory 
and practical applications on both sides of the Atlantic. One practical 
application that should be of interest to teachers in all types of work will 
surely be in dealing with the problem of examinations—the number of suc. 
cessive “shots”? needed to decide definitely how to classify a particular 
candidate. We look for more works from Wald and his schoo! and for the 
corresponding developments here, and recommend most cordially the present 
work. F. Sanpon. 


Mathematics of Statistics. I. By J. F. Kenney. 2nd edition. Pp. xii, 
260. 21s. 1947. (Van Nostrand, New York; Macmillan, London) 


The first edition of the first volume of this book was published in 1939: 
it does not appear to have been reviewed in these pages. Nor has Part 2, to 
which reference is made in Part 1. It is definitely a textbook and it is implied 
that it is to be read under the supervision of an instructor. The book is called 
the mathematics of statistics but it is not clear how much mathematics the 
pupil is expected to know. He is given five-figure logarithms in a table at 
the end, and is expected to know the meaning of “ real ”’ and of ‘‘ ordered ”, 
but is required to prove on p. 61 that the harmonic mean is less than the 
geometric mean and that than the arithmetic mean by presumably the school 
method. 

It is a confusing book. There are six chapters, each divided into sections 
numbered from 1 afresh for each chapter. There are a number of tables 
numbered 1, 2, ... through the book: the majority of these form the basis of 
examples and exercises, though Table No. 31 (which by hunting we find again 


was printed on p. 186) is a reference table: other reference tables appear in | 
the text with no number at all (as on p. 120). There are figures, examples, | 


exercises, equations (apparently these are called expressions), theorems and 
books for further reference. Some of these are numbered serially through the 
book, some through a chapter, and some on other principles : there is no page 
reference for any of them when they are quoted. In some cases it is not clear 
whether the reference is to an example or, e.g. to an equation. The contents 


pages give simply the headings of the chapters and the sections, and the index | 


is a two-page affair in large type, quoting, e.g. a few authors such as Walker 
from a textbook of whom two lines are quoted—a longer quotation from her 
does not appear in the index—while original workers are not indexed—even 


in the text these may be referred to second-hand by giving another textbook as | 
authority. The meaning of the tables is often not clear (e.g. on p. 106), the 
sources of the tables are often not given, or, when given, not given unambigu- | 
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ously (as, é.g. p. 89, in the reference to Pearson where no distinction is made 
between Karl Pearson and his son E. 8.). The wording of the exercises is 
sometimes rather obscure, as e.g. on p. 18, Ex. 3: “ Is it easy to answer such 
a question as the following—In how many instances ...?”, or on p. 232: 
“What is perhaps the best formula for...?’’. It is not easy to see what is 
assumed when we read (p. 134, Ex. 6) that we assume a normal distribution, 
given «,=-007 and a,= 3-02, or again (p. 134, Ex. 7) lamp bulbs have a mean 
life of 50 days, an s.d. of 19 days, and their lives conform to the normal curve. 
The definition of expectation of life is contradicted by the table on the same 
page (p. 136). The note at the end of Ex. 4, p. 199, is, as we read it, untrue. 
It is a pity to speak of heteroscadastic systems under the heading of Normal 
Bivariate Surfaces (p. 209). No member of the Mathematical Association 
would let his pupils ‘‘ prove” the checks in the way the author sets out his 
on pp. 66 and 77. 

The author tries to avoid sampling as a topic. But he uses smoothing, 
and inevitably needs what is practically some idea of sampling. The method 
of p. 131 is unsound without sampling: in the absence of it the answer is 
surely obtained directly from p. 19 as 260/995 or -26 instead of the :24 obtained 
from the integral of p. 131. 

In all, the book is unlikely to be of much value in England. There are a few 
misprints, some rather important. Is a “ bitt ”’ (p. 152) what we in the Old 
World call a ‘“‘ bollard’’? And what is the distinction between the number 
of fish caught in a body of water and the number caught out of it (p. 189)? 

F. Sanpon. 


Statistical methods in research and production, with special reference to the 
chemical industry. Edited by O. L. Davies. Pp. xii, 292. 28s. 1947. 
(Oliver & Boyd, for Imperial Chemical Industries, Ltd.) 


Lord McGowan, Chairman of I.C.I., in his foreword, says that ‘“ this is the 
first of a series of scientific and technical handbooks which I.C.I. intend to 
publish with the aim of making generally available the important body of 
information accumulated as a result of the company’s manufacturing experi- 
ence and research’’. There are seven authors, the contributors forming a 
team of chemists, engineers and statisticians engaged in research and process 
work: they propose to keep the handbook up to date, and in particular to 
expand certain chapters in view of recent developments and the release of 


_ information held up during the war : a second volume on the planning of experi- 


ments is already promised as a sequel to this one. If the rest of the series 
maintains the standard of this handbook the I.C.I. will considerably, as Lord 
McGowan says, ‘‘ communicate to our partners in the nation’s industry some 


| of the results of our past study and experience ”’. 


The book opens with a definition of statistics as the study of chance varia- 


| ations : this immediately sets the scene as one in which sampling and variation 


will play a large part. The chapters deal in turn with frequency distributions 
and their chief parameters, tests of significance, analysis of variance, regression 
and correlation, contingency, sampling, control charts, and specification. 
The treatment is clear and sound, the references, development and examples 
admirable : only occasionally is there a slight obscurity in the text. Although 


' in some places the writers suggest that for guidance in particularly difficult 


problems a statistician should be consulted, yet many a statistician will find 
that he can learn quite a lot from this handbook. There are some interesting 
original examples. Thus, there is a cubic regression to fit neatly data from a 
test of paper pulp, a Poisson distribution on the number of particles seen in 
a flashlit limited field of dusty gas, and a good example on rubber abrasion 
wherein hardness accounts for 54 per cent. of the abrasion loss, tensile strength 
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for 9 per cent. of the loss, but hardness and tensile strength together for 8; 
per cent. 

Our criticisms are few. The book is intended for scientists who will knoy 
all about Petri dishes, tensile strength and piston-ring failures in compressors 
But for others who have forgotten their chemistry it would have been a hel; 
to have had given the derivation of the equation for the oxidation efficienc 
at the bottom of p. 44, whilst non-physicists would no doubt welcome thy 
justification for the transition from abrasion loss in c.c. per h.p. hour of thi 
graph on p. 118, to the abrasion loss in grams per h.p. hour of the table on 
p. 119. The chapters on quality control are, perhaps, not so good as the other 
(though there is a suggestion on p. 215 that this procedure has not, in the chemi 
cal industry, as many applications as it has elsewhere), whilst the Glossar 
is not very well arranged : cross-references, in particular, are weak. On the 
other hand, the treatment of degrees of freedom, the assumptions about Nu! 
Hypothesis, the worked examples for Analysis of Variance (‘‘ probably the 
most powerful test in statistics ’’—p. 72), and the explanations on random, 
representative and systematic sampling, are particularly good. 

The book concludes with a Glossary (11 pages), recommendations on thi 
typesetting of mathematical expressions, mathematical and statistical signs 
and symbols, and conventions (based on e.g. the London Mathematica! 
Society’s Notes and on B.S.J. 1219: 1945) and some tables based on originals 
from Tables for Statisticians and Biometricians, Biometrika, Statistical Tables 
for Biological, Agricultural and Medical Research, and B.S. 600R with a Nomo 
gram for Probability Levels that has not, to our knowledge, appeared elsewhere 
There is a good six-page index. Altogether the I.C.I. must be thanked for this 
book and the contributors congratulated: it is a valuable handbook not 
merely for chemical engineers but also for many others. F. Sanpon 


THE MATHEMATICAL TABLES PROJECT. VI. 
1. Tables of Spherical Bessel Functions. Vol. II. Pp. xx, 332. 73” » 10) 


(19-5 em. x 26-5 em.). 1947. 45s. (Columbia University Press, New York) 

2. Table of the Bessel Functions /,(z) and J,(z) for Complex Arguments. 
(Second Edition.) Pp. xliv, 408. 7}” x 103” (19-5 em. x 26-5 em.). 1947 
45s. (Columbia University Press, New York) 

3. Tables of the Exponential Function e”. Pp. xviii, 542. 8” = 10} 
(20-5 em. =x 27 em.). First edition, 1939 ; second edition, 1947. 20s. 

4. Table of Natural Logarithms. Vol. I. Logarithms of the Integers from 
1 to 50,000. 


5. Table of Natural Logarithms. Vol. II. Logarithms of the Integers from 
50,000 to 100,000. 


6. Table of Natural Logarithms. Vol. III. Logarithms of the decimal 
numbers from 0-0001 to 5-0000. 


7. Table of Natural Logarithms. Vol. IV. Logarithms of the decimal 
numbers from 5-0000 to 10-0000. Vols. I, II, I{I xviii, 506 pages ; Vol. IV 
xxil, 510 pages. All four volumes, 8” x 103” (20-5 cm. x 27 cm.). 1941. 20s. 

[All the tables were prepared by the Mathematical Tables Project (formerls 
known as the New York Mathematical Tables Project), conducted under the 
sponsorship of the National Bureau of Standards ; technical director, Arnold 
N. Lowan. This has now been transformed into a section of the Bureau 
known as the National Applied Mathematical Laboratories. (1) (2) Columbia 


University Press, New York; (3 to 7) originally obtainable from Federal | 
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Works Agency, W.P.A., for the City of New York, now from the U.S. Govern- 
ment Printing Office. British agents for all volumes, Scientific Computing 
Service, 23 Bedford Square, London, W.C. 1.] 

In five earlier articles (listed in Mathematical Gazette, 30, 1947, p. 181) 
fifteen volumes of tables produced by the N.B.S.M.T.P. have been described. 
(1) This second volume of T'ables of Spherical Bessel Functions gives tables 
of the Stokes’s functions NV 1/2aJ, (x), 2v an odd integer. The ranges of tabula- 
tion are 

+v=14}(1)214, x=0(-01) 10(-1) 25, 

tv=223(1)303, 2=10(-1) 25. 
The entries are to 8, 9 or 10 significant figures for «<10 and to 7 figures for 
z>10, except near zeros. As in the first volume (described l.c. pp.182-3) 
values of 8, 8%,, or of 8? and 84 are given wherever these suffice for interpolation. 

For regions near «= 0, such differences are inadequate, and are not given ; 
for | v | 224, in fact, even the function itself is omitted for «<10, and there 
are no differences at all, throughout the whole range of a2, for — v= 283(1) 30}. 
Auxiliary functions are thus needed for interpolation. In place of the func- 
tions a*ttN 7/2xJ, (x) used in Vol. I, the functions A, (x) = v!(4xa)-"J,(x) are 
tabulated, not only for | v | >144, but for 

v= 4(4)203(1) 303, x=0(-1)10; 9 decimals, 


v= 4(1)303, x=10(-1)25; mostly 7 figures, 
v= 14}(1) 163, x = 0(-1)9-5(-05) 10(-1) 25; mostly 7 figures, 
. v= 174(1) 303, x=0(-1)25; mostly 7 figures. 


The main reason for the change in function tabulated, and for the inclusion 
of integral values of v and of half-integral values with v= $(1) 134 is that the 
function A,(a) is interpolable in the y-direction over a large portion of the 
(r,v) plane when v is positive. The accuracy obtainable with v-wise interpola- 
tion is exhibited in tabular form. 

A two-page table gives values j,,, of all the zeros of J,(x) lying within the 
tabular range 0 <a < 25 to 6 decimals (10 decimals for some of the early zeros). 
Corresponding values J,’(j,,,) are also given to 7, 8 or 9 decimals. It is inter- 
esting to note from this table that when — v= 114(1) 163, the greatest value of 
|J,’(9,,g) | is for the second zero and not for the first. 

Another similar table gives values ’,,, of the zeros of J,’(x), together with 
corresponding values of J,(j’,,,) to 6 (or 8) decimals. 

The Introduction is shorter than and supplementary to that given in Vol. I. 
It is mainly concerned with interpolation. 

The general remarks following the review of Vol. I (l.c. p. 183) apply also 
to this volume. The poor quality of the paper is noticeable. Nevertheless, 
the outstanding point of this book must be emphasised—it is the only volume 
published giving tables of the important functions with which it is concerned. 


(2) The first edition of this volume of tables was described in the first of this 
series of reviews (Mathematical Gazette, 29, 1945, pp. 29-33). This second 
edition clearly indicates the importance of the tables. Few modifications 
have been made—too few, as is indicated by a criticism of the deficiencies in 
the Bibliography by R. C. Archibald (M.7.A.C., 3, (21), Jan., 1948, R.M.T. 
464, p. 25). The particular copy now under examination is even more defi- 
cient in this particular section, owing to mis-binding! It is only fair to note, 
however, that, although mis-binding was not infrequent with the earlier 
volumes of the M.T.P. series, the present case is the only one noticed by the 
reviewer for several years. The diagrams of the contour lines have been 
relabelled in accordance with the corrections indicated by Dr. C. R. G. Cosens, 

















72 THE MATHEMATICAL GAZETTE 
and mentioned in the earlier review. The excellent tabular material, of course, 
needs no alteration, and it is good to see that it is to be kept in print; it 
consists of the real and imaginary parts of J,(z) and J,(z) to 10 decimals 
throughout, for arguments z= pe**, with p=0(0-01) 10 and ¢=0°(5°) 90°. 
The remaining volumes were published several years ago, but have not so 
far been described in the Mathematical Gazette. They are important volumes 
and, even at this late stage, it seems worth while to describe them briefly. 


(3) This was the first M.T.P. table in the familiar book form—the earlier 
Table of the First Ten Powers of the Integers from 1 to 1000 was produced in 
a@ mimeographed edition of foolscap size in stiff paper covers. 


The tables give 

e* a= 0(0-0001) 1 18 decimals 
x= 1(0-0001) 2-5 15 decimals 
x = 2-5(0-001)5 15 decimals 
a= 5(0-01) 10 12 decimals 

” ies ax =0(0-0001) 2-5 18 decimals 

e*,e ~*~ x=0(-000001)0-0001 18 decimals 

ee * z2=1(1)100 19 figures 

x —~2 — = 

ii Ee eel 18 decimals 


A second edition appeared in 1947. This is substantially the same as the 
first, on slightly thinner paper. In it a number of errors in the first edition 
have been corrected, namely, ' 

exp (1:6742): for 58202 read 58209, 
exp (2-3979) : insert integer part 11, 
exp (— 0-2333): for 79181 read 79191. 


The erroneous figures in the first and third of these were clearly written 
in by hand on the typescript of the first edition. Some obvious errors in 
arguments and headings have also been corrected. 

(4) to (7). These four volumes give natural logarithms to 16 decimals for the 
ranges indicated in their titles. The entries in the Vols. III and IV differ only 
by the constant 4 log,10 from the values in Vols. I and II. This semi-duplica- 
tion has provided a useful choice of argument range to the user. In particular, 
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Vols. III and IV cater for the previously somewhat neglected range 0 to 10 by 
small decimal steps. 

The Introductions are substantially the same, describing the computation 
and checking of'the tables, and giving a list of errors found in Wolfram’s table 
as given by Vega. Interpolation, direct and inverse, are discussed. Vol. IV 
also describes ‘‘ The Factor-combining Method for finding the Logarithm of any 
Number ”’ and gives, in an extra table, 


log, x x=1(1)10 40 decimals 
log, (1 +2) 2=](1)9x 10-7 

log,(1 — 2) p=1(1)13 
One can only repeat that the M.T.P. volumes are indispensable to any 
computing establishment. Individual computers will often find it worth while 
to consider these volumes and to make use of one of them, even though only 
a few figures may be needed, the small interval of argument makes interpola- 
tion so much easier. For instance, (3) is linear to 8 figures throughout most of 
the ranges of argument. J.C. P. MILier. 
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THE ANNALS OF THE COMPUTATION LABORATORY 
OF HARVARD UNIVERSITY. II. 


|. Vol. V. Tables of the Bessel Functions of the First Kind of Orders Four, 
Five, and Six. Pp. xii+[652]. 1947. 


2, Vol. VI. Tables of the Bessel Functions of the First Kind of Orders Seven, 
Eight, and Nine. Pp. viii+[648]. 1947. 


3. Vol. VII. Tables of the Bessel Functions of the First Kind of Orders Ten, 
Eleven, and Twelve. Pp. viii + [636]. 1947. 


4. Vol. VIII. Tables of the Bessel Functions of the First Kind of Orders 
Thirteen, Fourteen, and Fifteen. Pp. viii+[616]. 1947. 


By the Starr oF THE CompuTaTION LaBoraTory ; Cambridge, Mass. : 
Harvard University Press; London: Geoffrey Cumberlege, Oxford Univer- 
sity Press. 10-4” x 7-8” (26-4 cm. x 19-8 cm.). 55s. each volume. 

The first four volumes of this series were reviewed in Math. Gazette, 30, 1947, 
pp. 178-181. Volumes V to VIII continue the series of Tables of Bessel 
Functions of the First Kind which started with Volume III, and the remarks 
made in the earlier review about this and Volume IV apply almost as they 
stand to the volumes now to be described. 

Each volume tabulates the functions named in its title to 10 decimals 
(rather than the 18 decimals to which functions of orders zero to three were 
given) for arguments x= x,(0-001) 25(0-01) 99-9. The argument 2, is, in each 
case, the first value that is not zero to 10 decimals ; the values are as follows: 


n 4 5 6 7 8 9 
Lo 0-012 0-046 0-115 0-225 0-389 0-596 
n 10 1] 12 13 14 15 
Lo 0-847 1-140 471 1-837 2-236 2-663 


It is planned to give similar tables for further integer orders up to 100 in 
Volumes X to XV. 

An introduction to Volume V describes a method of interpolating in the 
tables by means of a Taylor expansion, using functions of several successive 
orders. Methods applicable to values of the function for a single order have 
been described in Volume III. 

As before, the volumes are large and heavy for the material contained in 
them, owing to use of very heavy paper and lavish use of space. These are, 


| however, the first tables of the functions given to be published, apart from 
_ afew short tables at wide intervals, and they are consequently of considerable 


importance. J.C. P. MILLER. 


Five-figure Tables of Natural Trigonometrical Functions. Pp. iv, 123. 15s. 
1947. (Prepared by H.M. Nautical Almanac Office and published in London 
by H.M. Stationery Office) 


These tables ‘‘ were prepared in 1941 by the Nautical Almanac Office, at the 


' Tequest of the War Office, for use in survey calculations ; they were not put 
) on general sale to the public either then or when they were reprinted in 1945. 
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| tions are tabulated : 


It has now been possible to make the tables, which are the only five-figure 
natural trigonometrical tables at such a small interval, available to the public.” 

The main table occupies 90 pages and is arranged semi-quadrantally, that is, 
with argument from 0 to 45° together with the complementary argument 
printed on the same line. A single opening thus covers one degree and is 
arranged in six panels each covering an interval of 10’. The following func- 
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sinz, cosx, tanz. 5 dec. 0(107) 45°. 
cot x. 5 fig., 0(10”) 27°. 5 dec., 27°(10”) 45°. 


An auxiliary table of 30 pages contains five-figure values of cot x for 
x=0(1")7°30’.. Each column gives the 60 values of the function in each 
minute of are and there are 15 columns to the page, so that each degree 
occupies two openings. In both this and the main table, provision is made 
by means of sub-headings, for direct readings of the value and sign of each 
function for angles in the remaining three quadrants. Interpolation is easy, 
if necessary, since, throughout 90 per cent. of the volume, the first difference 
does not exceed 10. 

The reviewer offers one or two criticisms with diffidence, having in mind that 
these tables, produced by Command of the Army Council, were not necessaril) 
designed for the public to which they are now presented. With the appearance 
of the main table, and its pattern of bold and light rules and type, he has little 
quarrel. It is true that on about 50 pages, a little space could have been gained 
in a suitable position by suppressing some of the figures before the decimal 
points in the columns of cotangents, but the pages are not crowded and there 
were perhaps reasons of uniformity for retaining these figures. The “ resolv- 
ing power ” of the main table of cotangents might have been increased a little 
by giving 5 decimals (i.e. 6 figures) over the range 19°(10”)27° : in this con- 
nection see the Index of Mathematical Tables, by Fletcher, Miller and Rosen- 
head, 1946, pages 120, 121. 

With regard to the auxiliary table of cotangents, however, the large page 
uniformly spread with figures has a rather uninspiring appearance. Certainly, 
there are difficulties in having 61 lines to the page as against the conventional 
51 for tables with decimal arguments, but it would seem preferable either 
(i) to allot only 10 columns to a page and make one degree occupy three open- 
ings, or (ii) to suppress the majority of the leading digits before the decimal 
points and so release about 10 per cent. of the space at present occupied by 
figures. 

It is stated in the Introduction that the tables have been compared in proof 
with (amongst others) Andoyer’s 15-figure Nouvelles Tables Trigonométriques 
Fondamentales. Sixteen errata in previous editions, mostly trivial, are men- 
tioned and corrected. The Introduction contains adequate working instruc- 
tions and the volume should prove valuable to those desiring five-figure 
accuracy without the obligation to interpolate. C. W. JONES. 








Dynamics. By S. L. Green. Pp. 264. 10s. 6d. 1948. (University 
Tutorial Press} 

This book caters, like the other textbooks recently written by the same 
author, more particularly for a certain class of students, viz. those who take 
the examinations of the University of London, which in this case are those 
for the General Degree in Arts or Science and for the Degree in Engineering. 
For this purpose it must be judged to be an excellent book and to fulfil all 


f 


me 


the required demands. Such students will find the principles of dynamics set | 


out clearly in mathematical form and exemplified by the solutions of numerous 
problems ; a large, but not excessively large, number of examples are pro- 


vided for practice in the applications of these principles. Teachers in other | 


universities and those dealing with mathematical specialists in schools will 
find it a very useful addition to their collection of textbooks on dynamics. 
It is to be hoped that the author will write in due course a similar book on 
statics, including hydrostatics ; under present conditions it would be a great 


advantage if students had not to buy separate books onstaticsand hydrostatics. | 
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I should like in this connection to put in a plea for an elementary treatment 
of statics in three dimensions, both geometrically and by using vectors. 

A special feature of the book is the introduction in the first chapter of 
vectors, which are used throughout the book ; this conforms to the trend of 
present-day teaching and is a very welcome departure from the usual pro- 
cedure. In my experience first-year students in universities require consider- 
able practice in the use of vectors in two and three dimensions, both in using 
them to prove familiar geometrical theorems and in their applications to statics, 
but a collection of suitable examples is perhaps more appropriately placed in 
the first chapter of the book on statics suggested above. 

There are a few matters in the book which I should deal with rather differ- 
ently, mainly with a view to making their exposition more precise. 

1. An attempt should be made to explain how the vector product arises 
and why it is a vector, and so to prevent students thinking that any physical 
quantity characterised by a direction and a magnitude, e.g. a finite rotation 
of a rigid body in three dimensions, is necessarily a vector. The simplest 
elementary way of doing this is to use the idea of a ‘“‘ directed area” and to 
use an argument, based on hydrostatical principles, to show that it satisfies 
the vector law of addition and that, therefore, this directed quantity is a 
vector. To show that it is illogical to define a vector product to be a vector, 
one has only to remember that in the analytical theory of vectors, even in 
Euclidean space, it is necessary to prove that the components of a directed 
area behave in the same way as those of a vector. 

2. The discussion in the Gazette,* initiated by A. S. Ramsey, provides 
sufficient indication of the danger of suggesting to the reader that Newton’s 
second law of motion, written either as mdv/dt= F or d(mv)/dt =F, for motion 
in a straight line, is universally applicable when m is variable. Since in this 
book I can find no applications to systems whose mass is not constant, there 
would be no harm in omitting any mentjon of a variable mass. 

3. Is it not time that a stand should be taken against the setting of problems 
in a form containing expressions such as F' lb. wt., v miles/hour, s ft., ete.? 
In applied mathematics symbols stand for physical quantities which have 
dimensions as well as having positive or negative numerical values depending 
on the units used, and an equation connecting these symbols which expresses 
a physical law must satisfy the condition that the equations shall be indepen- 
dent of the system of units in which the physical quantities are expressed. If 
a numerical answer is required in a problem it should, in my opinion, be stated 
in the form exemplified by the following: ‘‘ A train of mass M travels from 
rest to rest along a level track of length | in time t. For the first part of the 
journey the engine exerts a constant pull and the constant resistance is R. 
Steam is then cut off and the brakes applied, the resistance increasing to 4R. 
Prove that the maximum rate of working of the engine is 

21R e~ t cd 
t \2Re-iM 7° 
If 1=40 miles, t=60 min., M= 200 tons, R =} ton wt., find the maximum 
rate of working in horse-power.” This form separates the theoretical part 
from that involving a knowledge of units and the capacity to carry out the 
necessary numerical work; anyone setting out to solve a new problem in 
applied mathematics would carry out the work in this way, and there is no 
reason why one should not insist on this procedure at an early stage. 

4. In reviewing in the Gazette (Vol. XX XI, 1947, p. 54) another book on 
dynamics I have pointed out that the phrase “ velocity relative to O” can 
be misleading and should be made more precise. It would be preferable to 


* See in particular Vol. XXV, 1941, p. 141, and Vol. XXVI, 1942, p. 165. 
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use instead “‘ velocity referred to a fixed (or moving) frame of reference (or 
set of rectangular axes) with the origin at O’’. In any case the former wording 
should only be used as a convenient shortened form of the latter. 

H. R. Hassz&. 


The Heavens Above. By J. B. Srpewick. Pp. xvi, 282, with 73 figs. 21s. 
1948. (Oxford University Press) 


The avowed aim of the author in writing this book has been to give a 
systematic account of modern astronomical knowledge “ starting from simple 
assumptions at which not even the most sceptical reader could cavil”’. It is 
almost a necessary consequence that in so far as he has accomplished this 
purpose his book has neither the solidity of a work of reference nor the 
elegance of a treatise, but it is none the worse for that. Such a reader will 
not expect his facts marshalled in encyclopedia form, nor will he fail to appre- 
ciate the author’s consideration in leaving up the scaffolding when he has finally 
erected his structure. 

If anything can be urged against the approach adopted, it is that at the 
worst it introduces a dichotomy which has no existence in astronomy itself, 
and at the best it leads to some repetition. In Part I the author develops, 
from the apparent motions of the heavenly bodies, first the Ptolemaic and 
then the Copernican universe ; and goes on to reach out through the solar 
system into the Galaxy and beyond. It is something of a revelation that a 
logical treatment of the subject can get as far as the expanding universe with 
so little appeal to astrophysics. Easily the best feature of this part of the book 
is its systematic unfolding of the attack on the problem of measuring astrono- 
mical distances. Having drawn and scaled in Part I a map of the universe as 
modern astronomy pictures it, the author turns in Part II to the heavenly 
bodies themselves. Here he is on more trodden ways and his chapters on the 
Moon and planets, the Sun and the stars, and the nebulae, though quite 
adequate, are unremarkable. 

One notices at times a rather uneven appeal to the reader’s background 
knowledge. Is it really likely, for example, that anyone who needs a page of 
explanation of the index notation for expressing large numbers will know 
without being told what an electron-volt is? But it is refreshing to be able to 
welcome a book that gives an elementary account of the Foucault pendulum 
without begging the whole question in the first few words. One cannot be so 
complimentary, however, about the author’s perpetuation of the heresy that 
a train’s whistle appears to rise in pitch whilst it approaches the observer ; 
and many a shocked eyebrow will be raised at his treatment of the conception 
of probable error. But to anyone with matriculation mathematics (even those 
without will miss little of the argument) this work may be recommended as 
bridging the disconcertingly wide gap between the many good but (may it be 
whispered?) rather stodgy textbooks and the type of popular book which 
seems designed mainly to extract gasps of wonder at the marvels of the 
universe. One can only hope that a deserved popularity will enable a second 
edition to sell at a less crippling price. A. H. 


The Solar System Analysed. By F.C. Arrwoop. Pp. 88. N.p. 1947. 
(Dawson Printing Co., Auckland, N.Z.) 

This little book is an entirely speculative account of the evolution of the 
solar system, starting with a nebular hypothesis concerning its origin and 
leading on to hypotheses about such detailed features as the surface structure 
of the Earth and the Moon. There is no attempt to submit the speculations 
to quantitative tests. The author seeks to justify his mode of presentation 
by saying that ‘‘it has been remarked by Einstein that scientists do not 
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think in formulae ; and their original observations, before they have crystal- 
lised them . . . in symbolic terms, are the most useful to the general reader ’’. 
But scientists do not, of course, present “ their original observations ”’ on 
such a subject to the general reader, or to any other reader, until they can 
also present some quantitative results. The author uses “ original observa- 
tion’ in the sense of preliminary conjecture, and his book is the sort of record 
of conjectures which someone might perhaps make for his own private benefit 
before setting out to work at the subject. Some of his conjectures are 
manifestly false, as when (p. 65) he implies that angular momentum can be 
destroyed by internal friction, and some are fundamentally similar to well- 
known hypotheses. Others, such as that concerning the possible origin of 
rotation in a condensation formed in a ring of material revolving round a 
gravitating body (Ch. III) might lead to interesting investigations ; in the 
absence of the necessary investigations it is, however, impossible to comment 
on their value. W. H. McC. 


Nomography. By A.S. Levens. Pp. viii, 176. 18s. 1948. (John Wiley, 
New York ; Chapman & Hall) 

The author is Associate Professor of Mechanical Engineering, University 
of California. Apart from references in the first chapter to other forms of 
nomogram, the book is devoted to the construction of alignment charts. 
The basic types used are: three parallel straight lines, the Z diagram, three 
concurrent straight lines and two parallel straight lines with one curved line. 
These, with combinations, are shown to represent nine “‘ type forms ’”’ of 
equation which are summarised, with key diagrams and scale equations, at 
the end of Chapter 11. This chapter also deals with seven other miscellan- 
eous forms. A final short chapter gives an introduction to the use of deter- 
minants. The author seems to have decided to say no more about determin- 
ants than is essential for his purpose and that only as required. The student 
unfamiliar with determinants is likely to‘acquire that little knowledge which 
isa dangerous thing, unless he follows the author’s advice to consult the biblio- 
graphy. Since the book is the outcome of courses for university students, 
one might expect a more confident presentation of the mathematics involved. 
Probably the author has in mind, as readers, practising engineers whose 
mathematics is rusty from disuse. Surely it is all the more necessary that 
mathematical statements shall be accurate and clear. We read on p. 47, “ In 
the case of the r scale, it should be noted that the function is r* and therefore 
distances between consecutive points are proportional to the square ofr”. A 
footnote on p. 30 reads, ‘‘ Remember X,,=m,f(u). Therefore, 

= a “ee 

_ fi(us) file)’ 
I do not think it is anywhere stated, except by implication in this footnote, 
that a shift of origin involves a change of function. In this example, 
fi(u)=u, f(u)=u-2, and the second X, denotes the whole length of scale, 
from u,=2 to u,=6; it is, in fact, Xu, 

The examples are good. For the student there are 127 in all; they are 
actual formulae, chiefly from engineering, properly stated with the meanings 
of the letters as well as the required range of values. In addition to the illus- 
trative examples in the text, there is an appendix of 29 charts, mainly repro- 
duced from engineering publications. No doubt such obscurities as are 
referred to above would be resolved for the student for himself in working 
through the examples, which should give him a useful practical knowledge of 
the construction of nomograms. ©. G. FP. 
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Iohannis Henrici Lamberti Opera Matematica. II. Edited by A. Sprisrr, 
Pp. xxix, 324. Geb. Sw. fr. 25. 1948. (Orell Fiissli, Ziirich) 

The second part of Lambert’s arithmetical, algebraical and analytical 
collected works follows closely on the first, reviewed in the Gazette, X XXI, 
(May, 1947), pp. 121-2. The unobtrusive but methodical editing of Professor 
Speiser, the neat typography and pleasing style of production are again 
commendable. A further volume on applied mathematics is under considera. 
tion, and a collection of Lambert’s writings on logic and philosophy may also 
be made ; the geometrical side is already catered for by a volume edited by 
Steck. 

The longest item in the present volume is the first, Zusdtze zu den logarith. 
mischen und trigonometrischen Tabellen ..., but without doubt the most im. 
portant is the famous Mémoire sur quelques propriétés remarquables des quan- 
tités transcendantes circulaires et logarithmiques, in which the irrationality of 
7 is established, presented to the Academy of Sciences, Berlin, in 1761 and 
published by the Academy in 1768, though it had been printed in Lambert’s 
treatise on quadrature (1766). Euler suspected that 7 was irrational, and 
indeed that it was a transcendental number, not obtainable as a root of any 
algebraic equation with rational coefficients ; but proof that transcendental 
numbers do exist had to wait for Liouville’s investigations of 1840, and a 
proof that z is transcendental for Hermite and Lindemann thirty years later. 
Lambert’s work opened up the final period of “‘ squaring the circle ”’, though 
Lambert, Hermite and Lindemann together have not exterminated the circle- 
squarers. Following Euler, Lambert obtained the two continued fractions 


e~—] 1 1 1 ] 


e* +1 Qa+ Gla+ 1Oja+ 14/x+ 


1 1 1 1 


a l/x- 3/a- 5/a—- Tje- ~~’ 

and then established the following theorems by a study of the properties of 
these expressions : 

(1) If x, not zero, is rational, e” is not rational ; 

(2) if x, not zero, is rational, tan « is not rational. 
Taking x= }7 in (2), the irrationality of 7 follows at once. Lambert’s argu- 
ment is not absolutely complete, but the main structure is sound, and does not 
require any very great amount of elaboration to make it logically flawless. 

Another paper in this volume, Observations trigonométriques, is noteworthy 
for its historical importance ; in it there is a systematic development of the 
‘‘ trigonometry ”’ of the hyperbolic functions. This was published in 1770, so 
that when we suggest that modern books of tables for school use should include 
some reference jto sinh « and cosh x, the reply so often given, deprecating rash 
and ill-considered innovations, is hardly so convincing as it might have been 
180 years ago. TA. AK 


Differential- und Integralrechnung im Hinblick auf ihre Anwendungen. Von 
L. LocHer-ErRnst. Pp. 594. Sw. fr. 48. 1948. (Birkhauser, Basel) 

This beautifully printed volume provides a very full first course in calculus ; 
for those students who find the ideas of the calculus difficult to grasp when 
baldly presented, the ample explanations and illustrations of each new 
concept should be most helpful. 

The book begins with two lengthy chapters on coordinate geometry, occupy- 
ing 70 pages, and so in themselves forming an introductory text on this topic. 
But unti! the novice has a thorough understanding of the elements of coordi- 
nate geometry, he will find the calculus heavy going, and thus these sections 
stand as a necessary preliminary to the calculus proper. 
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The third chapter deals with differentiation, integration and interpolation, 
when the function field is restricted to rational integral functions of a single 
variable, starting of course with quadratics and cubics. Dr. Locher-Ernst 
follows general practice in developing the power of the calculus before con- 
sidering more complicated functions, but he is less timid over what can be 
done at this stage ; for instance, the modified Newton iteration for roots of 
an equation occurs in this chapter, as well as a good deal of serious work on 
differences and interpolation formulae. This is all to the good: because we 
restrict our differentiation and integration to «* and 2* we need not also 
restrict our applications to those which are dull and trivial. 

The next two chapters are on differentiation and integration in general. 
The ground covered is in the main familiar, but more attention than is common 
is paid to numerical and graphical methods. The differential calculus is based 
m the differential, and it is here that there seems to be some lack of clarity 
and precision, but I confess that I am prejudiced against differentials for 
beginners; while it is open to the author to retort that no first course in 
calculus can be completely precise. In dealing with functions of more than 
me variable the advantages of the differential show up. 

The final sections deal with plane curves and with elementary differential 
equations. There is a collection of formulae and some numerical tables, 
while ten pages of small print furnish biographical details of the various 
mathematicians mentioned in the main text. 

On one point in particular the collaboration of author and printer is to be 
specially commended. The author throughout pays attention to numerical 
and graphical work, not forgetting to deal carefully with units of measure- 
ment, and these points are magnificently illustrated by a series of diagrams 
clearly drawn, fully detailed and superbly reproduced. English and American 
textbooks could take a lesson from Messrs. Birkhiuser on the reproduction of 
diagrams, although I fear that the sordid item of costs would prove a serious 
obstacle to imitation of an excellent example. The emphasis on numerical 
work should prevent the novice from believing that if he runs up against an 
integral which he can not *‘ do”’, then nothing can be done ; numerical work 
isnot confined to showing that Simpson’s rule will give a crude approximation 
to 2/4. 

Examples to the number of about 1000 are given, a reasonable compromise 
between an absence of exercises and the embarrassingly rich superfluity of 
some English books. .. mo Be 





An Introduction to Mathematics. By A. N. WHITEHEAD. 12th impression. 
Pp. 191. 5s. 1948. (Geoffrey Cumberlege, Oxford University Press) 


Originally published in the Home University Library in 1911, this new 
(12th) impression has been re-set under the supervision of the author’s 
nephew, Professor J. H. C. Whitehead of Oxford. 

Whitehead’s aim is to tell the general reader what mathematics is and 
what it does, without requiring him to plough through a mass of technical 
detail. Of course, for mastery of the subject the technical details must be 
mastered too, a point which Whitehead does not fail to make, but they are 
| apt to be stumbling-blocks to the reader who does not want to become a 
| mathematician, but who wishes merely to know how it is that mathematics 
acts as a central point in thought and culture. The essentials of Whitehead’s 
answer can be found in his emphasis on the power of mathematical abstrac- 
tion and on the mathematician’s persistent search for generality. Again and 
again these two points are brought out sharply by a careful choice of apt 
language and of appropriate examples. Hardly a page is turned without 
presenting some sentences of ripe wisdom in vivid, unforgettable terms. But 
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the brilliance of writing is never that of a man who is merely concerned wit) 
saying nothing in a clever fashion; Whitehead always has something pro. 
found to tell us, and he takes the greatest pains to tell us in the simplest and 
most lucid English possible. That in 190 small pages the reader with littl 
previous knowledge can, for example, arrive at a clear and correct notion of 
the doctrine of uniform convergence is possible only because of* the rar 
combination in a single mind of the power of precise, incisive thought wit! 
the power of clothing that thought in language of superb aptness and clarity 

No one who has read the book will accuse me of praising it above its merits 
Those who have not yet read it are to be envied, since they have before them 
an experience which will strengthen their faith in the intelligence of mankind 
A schoolmaster once told his boys that if they would really master the nintt 
book of Paradise Lost, they would, by virtue of that alone, become high; 
cultivated men. Whitehead’s Introduction would equally serve. T. A. A.B 


Technical Literature. Its Preparation and Presentation. By G. E. WILviams 
Pp. 117. 7s. 6d. 1948. (Allen & Unwin) 

Mr. Williams has been editing technical literature since 1935; since 1943 
he has been Head of the Editorial Department of the Institution of Electrica! 
Engineers. He has therefore had ample opportunity of realising the need 
for a book which should assist scientists and technicians in the preparation 
of their papers ; fortunately, he has not stopped at realising the need, he has 
attempted to meet it. The result is a most excellent little volume, which 
should be read and assimilated by every young writer; there are many 
experienced writers who might profit by a perusal ; and I know of no editor 
whose work would not be materially lightened in consequence. 

The main sections deal with: method of presentation ; choice of words; 
organisation ; preparation of manuscripts ; sub-editing ; illustrations. The 
field covered is wide, yet the treatment neglects no detail, guiding the author 
and editor from the first rough idea for a paper to its final printing. A random} 
selection of four consecutive index entries may indicate the multitude of| 
matters on which wise counsel is given: “ title; tracings; trade names;| 
typewriter, limitations of the.” 

The terse clarity of Mr. Williams’ style is not entirely for reasons of} 
xconomy ; in his preface he claims, properly, that to one in search of positive 
help, diffidence in exposition can be as irritating as dogmatism and much more! 
tedious. There is a risk in being dogmatic ; but the risk is fairly taken in 
the hope that a firm decision will command respect. Such firmness might 
intimidate even a fellow-editor ; but I must record my amusement at the 
naive suggestion that the mathematician should cease to use e to denote the! 
base of naturgl logarithms because the electrical engineer prefers to use this 
symbol for voltage, and my horror at the depravity which urges that printed 
papers should always begin on a right-hand page “ for the benefit of those 
readers who...tear out...those papers in which they are particularly| 
interested ”’. 

Mr. Williams’ attention to detail does not cause him to ignore fundamenta 
principles ; these are always at hand throughout the book, and some of them 
are more fully developed in an appendix on “ psychological principles”. It! 
is clear that Mr. Williams has established in his own mind a very high ideal 
standard for scientific and technical periodicals and that he will spare neither 
himself nor his contributors in his efforts to attain this ideal. T. A. A.B 
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